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PREFACE. 



The following pages contain the principal Rules in Plane and 

• 

Spherical Trigonometry. The investigations of these Rules, re- 
quiring some knowledge of Mathematics, are given in the Second 
Part of this treatise. The present volume is made to consist en- 
tirely of the Rules and their applications, and the demonstrations 
are placed in a separate volume, in order that the student may be 
enabled to proceed with Problems in Surveying, Navigation, and 
Astronomy, as soon as he is acquainted with vulgar and decimal 
fractions, and has acquired a sufficient knowledge of algebra to 
work an easy equation. 

The Problems at the end of the book have been selected chiefly 
for Naval Students; most of them can be solved by means of the 
Rules contained in the book. The Problems marked with the 
letter (a) have been added for the use of those who have already 
made some progress in Mathematics : these cannot be solved by 
a simple application of the Rules ; they will present, however, 
little difficulty to the student who is acquainted with the con- 
tents of Part II. 

The table of log, haverdnes^* now becoming generally known 

* This table, under the name of logarithmic versed sines, may be 
found in Mendoza Rios, calculated to Jive places of decimals ; the table 
in Norie, called log. rising, may be formed irom it by the addition of the 
constant log. 5*30103.' Dr. Inman re-calculated the above table of 
Mendoza Rios, and carried it to six places of decimals^ aiLd ^crc«:c!L^V>^» 

h 



VI PREFACE. 

to the Naval Student, reduces considerably the labour of working 
out some of the Problems in Navigation : it may also be applied 
with equal advantage to the principal cases in Plane and Spherical 
Trigonometry. Rules have, accordingly, been now for the first 
time adapted to this 'table. Other rules are also given for the 
same cases suited to the Logarithmic Tables in more general use, 
such as Button's, or those in Norie's or Riddle's works on Navi- 
gation. 

The young student who may use this volume as an Intboduc- 
TioN TO Navigation will not find it necessary to read, at first, 
more than a certain portion of it. The Articles marked in the 
table of contents with the letter (n) may be sufficient for this pur- 
pose. All the Examples under each of the Rules thus selected 
should be worked out, with the exception of a few of the more 
difficult. Such student may also solve a few of the Problems at 
the end of the book, such as [1] to [20] ; [39] to [47] ; and, as an 
Iktboductiow to Nautical Astronomy, Problems [102] to [113]; 
[135], [136]; [143], [144]. The remainder of the book may be 
omitted until he has read Part II. 

The answers to the Examples and Problems have generally 
been taken from the tables ^ inspection ; that is, if Inman's tables 
were at hand, to the nearest 15''; if any others, to the nearest 
minute or half minute. It is seldom necessary in practical ques- 
tions of tins kind to proportion to the nearest second; and in 



in a much more convenient form for use ; he has inserted it in the last 
edition of his tables, under the name of log, haversines. Lastly, in the 
work on Navigation by Lieut Raper, the student will find a similar 
table, called log. sinb squabe. The reason for adopting the two last- 
mentioned names will appear from considering the formula, by means 
of which this table may be constructed from the common table of log. 
sines, namely : 

sin.» — = J Ter. A [Part II. formula (29)]. 

or, log. sin. square— **log. half versine A. 

Raper deriTed his name from the first side of this equation ; Inman 
from the last, contracting half Y&nme into haversine. 



PREFACE. Vll 

Nautical Problems the above degree of accuracy will in almost 
every case be sufficient* 

To those who have not the assistance of a tutor, and who have 
therefore to rely on their own exertions for the knowledge they 
may require, the Solutions of the Problems, which are published 
separately, under the title of ** Problems in Astronomy, Survey- 
ing, and Navigation, with their Solutions," will, it is hoped, be 
fouud of service. 

H. W. J. 

BoYAL Naval College, 
Apnl 27, 1858. 
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CHAPTER I. 
(1). Onii of the principal useis 




Correction. 

In Prob. 1, p. 74, the secant is taken out instead of 
the tangent: the answer should be CB = 89-o. 

of the reUticawEi vbiob ^ wUm mi. ^tigle^ of trianglee haFA 
to one another, and of the general relations of angle£(. 

(3). The First Part of this ta:«at]m contuoa the Boles for 
solving Plane and Spherical Triang^eS) with a. large ec^eotaott 
of examples and problems for practice. The problems have 
been selected principallj to serve as an Introduction to Navi- 
gation and Nautical Astronomy. 

(4). In the Second Part will be investigated the funda- 
mental fbrmul8& in Plane and Spherical Trigonometry. These 
formulae continually recur in mathematics, and the student 
whose views extend beyond the practical part of Navigation 
must make himself well acquainted with them. In the Second 
Part also, the rules given in the First Part will be investigated 
and proved. 

(5). At present it will be sufficient to naovb orcX-^ ^\«^ <5k\ 

B 
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CHAPTER I. 

(1). On£ of the principal uses of Trigonometry is to fiir-^ 
nish rules for finding any part of a triangle (that is, an anglq 
or a side), when the number of parts already known is suffix 
cient; which is the case^ in general, when three of the parta of 
the triangle are known. 

(2). Considered as a branch of mathematics, Trigonometry 
teaches us the method of investigating certain relations of 
angles denominated forrmdcB. Trigonometry is thereforoi 
usually defined to be, that branch of mathematics which treats, 
of the relations which the sides and angles of triangles bavo 
to one another, and of the general relations of angles. 

(3). The First Fart of this treatise contains the Rules for 
solving Plane and Spherical Triaogles, with a large eollectton 
of examples and problems for practice. The problems have 
been selected principally to serve as an Introduction to Navi- 
gation and Nautical Astronomy. 

(4). In the Second Part will be investigated the fimda- 
mental formulas in Plane and Spherical Trigonometry. These 
formulae continually recur in mathematics, and the student 
whose views extend beyond the practical part of Navigation 
must make himself well acquainted with them. In the Second 
Part also, the rules given in the First Part will be investigated 
and proved. 

(5). At present it will be sufficient to name only a few ^i 

B 




Ji PLANE TRIQONOMETRT. 

the terms used in Trigonometry : the principal of which are 
the fractions called the Trigonometrical ratios. 

D^nitions of the Trigonometrical ratios. 

Let the angle PCN be denoted by A ; 
and let PN be drawn from any point P 
perpendicular to CN, thus forming a 
right-angled triangle : then the trigono- 
metrical ratios are the fractions that can 
be formed of the three sides of the right- 
angled triangle PCN, taking them two 
and two together. It is evident that 
Only six such fractions can be formed in this manner, namely^ 

m OP PN CN CP ^ CN^ ^ wi. A^ 

:==-. — . — =* — . — . and -= . To connect these frac- 
CP' PN' ON* PN' ON' CP ^"""«^^ »'"«»« 

tions with one of the angles of the triangle, as A, let us call 
the side opposite the right angle the hypothenuse, the side 
opposite to the angle in question (in this case PN) the perpen- 
dicular, and the remaining side CN, adjacent to the angle, the 
base; then the trigonometrical ratios of an angle are named 
as follows : the perpendicular divided by the hypothenuse is 
called the sine of the angle ; the hypothenuse divided by the 

* The use and importance of the trigonometrical rj&tios will be more 

clearly seen in Part H. We may here briefly remark, that since we 

are not able to compare together the angles and sides of a triangle (for 

we cannot say that an angle is three or more times greater than a side, 

since these quantities have different units of measurement), it has been 

PN 
found convenient to take certain lines or fractions, such as j^, &c., 

and compute their numerical values for different angles, and record 
these values in tables. Now these fractions will evidently depend for 
their value on the magnitude of the angles themselves ; and if we know 
the fraction, we shall know, by means of the table, the angle corre- 
sponding to it. Moreover, we can compare the side of a triangle with 
this fraction, since both quantities are expressed in the same kind of 
measure, namely, linear measure ; and then, by reference to the table, 
discover the relation of the side to the angle itself. 
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perpendicular is called the cosecant of the angle ; the per- 
pendicular divided by the base is called the tangent of the 
angle j the base divided by the perpendicular is called the 
cotangent of the angle ; the hypothenuse divided by the 
base is called the secant of the angle ; and the base divided 
by the hypothenuse is called the cosine of the angle. Ano- 
ther term used in Trigonometry is the vebsine of an angle : 
this quantity is equivalent to the excess of unity over the 
cosine. These definitions will be more readily learned by 
writing them down in the form of fractions, thus : 

PN perpendicular . ,, , ., . -., i a / \- 

7==r or r — ^-1 IS caUed the sme of the angle A (a) 

CP hypothenuse ^ ^ ^ 



CP hyp. 
or '^^ 



PN perp. 

PN perp. 
— or 
CN base 

CN base 
or 



PN perp. 

CP hyp. 

or -:^ 

CJSr base 

CN base 

CP """^ hyp. 

Also, 1 —cosine of A is called the versine of angle A, 



coseccmt 



... 



tangent . 
cotomgent 
secant 



• • 



cosvne 



a • « 



• • . 



(6) 
C/) 



The values of these ratios or fractions being calculated for 
every minute or quarter of a minute from 0° to 45°, constitute 
the tables of sines, tangents, &c., by means of which, and 
certain other tables of numbers called logarithms, problems in 
Trigonometry and Astronomy are usually solved. 

(6)rf Before, therefore, we proceed to apply Kules for solv- 
ing trigonometrical problems, we will, in order to familiarise 
the student with logarithmic computation, show their exten- 
sive use in shortening and simplifying complex and tedious 
arithmetical calculations ; in fact, we shall find that, by their 
means, processes of multiplication are reduced to addit»v^\v^ 
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di?iiion to ■ubtmetion, the fonnatioii 
mtion, and tlie extraction of roots to dirinoi^ 

(7)* By methocb given in Part XL, it 
logaritliina of numben have been compMtod and ■■ ■ ■■^m1 id 
tableiy to that now the logarithm of anj gii 
be found by inspection ; and converseljy if 
given, the number corresponding to it (whidi, for tho aafca of 
distinction, is called the natural number) maj also be 



LOGARITHM& 

KXAMPLBS AND EXBBOISES IN THE USE OF LOOABITHlfa, 

T^)garithniB usually consist of a whole number and a dmir 
uial fraction : thus, the logarithm of the natural number 300 
is 2301030 (boo Tables): the whole number, 2, is called the 
intlex or characteristic ; the decimal part, namely *301030^ is 
called the rrumUsia, The mantissa is always positive; the 
index may be positive or negative. Thus, the logarithm 
2-301030 is +2 and +'301030; but the logarithm 2-301030 
is —2 and + '301030. In the tables the decimal part onlj is 
inserted ; the index being found as follows : 

Rule I. 

(8). Tojmi il\A index of the hga/rUhm qfa whole or miBoed 
fimrJ)er. 

The index of the logarithm is less by one than the number 
of integral places contained in the number. 

Thus the index of the log. of 24 is .... 1 

of 2463 is .... a 

of 147-2 is . . • . 2 

of 14-72 is .... 1 

of 1-472 is • . . • 

EULE II. 

(9). To find the index of the loga/rithm of a decimal fixustion^ 
Consider the decimal fraction as a whole number, and find 



the index of its logarithm by tiie preceding rule : theti inil>* 
tract the number thus found firom the number of decimab un 
the given fraction ; the remainder, with the negative sign (— ) 
placed over it, is the index required. 

Thus, the index of the logarithm of *00452 is 3 ; for the 
index of the logarithm of 452 is 2, by Rule I., and the num- 
ber of decimals in '00452 is 5: hence 2— 5 = — 3, or as it 
must be written 3, to show that the mantissa or decimal part 
of the logarithm is still positive. Hence, to reduce a logarithm 
with a negative index to a quantity wholly negative, we must 
proceed thus: 3602060, or its equivalent —3 + -602060= 
-2-397940; and therefore-4-301415=5"-698585. 

EXAMPLES. 

The index of log. '123 is .... T 

of log. -0125 IS .... 2 

of log. 00064 is .... 4 

of log. -000000721 is .... 7 

(1 0). To find the index of the logarithm of a vrdgctr fraction. 

Reduce the fraction to an equivalent decimal fraction : the 
index of its logarithm may then be found by Rule II. 

Thus, the index of log. 5 or of log. '125 is .... 1 

o 

of log. 24f or of log. 24-4 is . ^ . 1 

of log. ^ or of log. '04 is ... 2 
2o 

crfkg.ji^ or of log. -0033318 . . 3 

BuleHL 

(11). To take ovt the hgari^m of am/y given mmAerfrom 
the table. 

The rule for taking out a l<^arithm for any given num3:^at 
will be found in the explanationa i?lM«iL %ft«wiM^«oc^ ^^\afi^«s 
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to which the student is referred.* We will here insert a col- 
lection of numbers whose logarithms it is required to find 
from the tables. 

EXAMPLES. 

Let it be required to take out from the tables the logar- 
ithms of 2482, of 24-82, and of -002482. 

Looking for 2482 in the table, we see opposite to it 
•394802, the decimal part of its logarithm ; and this part, by 
the explanation accompanying the table, is the same for each 
of the above numbers : the index or whole number to be pre- 
fixed will indicate the number of integral figures in the natural 
number. 

Hence the log. of 2482 is 3-394802 

log. of 24-82 is 1-394802 

log. of -002482 is 3-394802 

Find from the tables the logarithms of the following 
natural numbers : 

Nat No. 

24 Anato&r, Its logarithm is 1*380211 

248 „ 3-394452 

2480 „ 3-394452 

1476 „ 3-169086 

14-06 „ ....... 1-147985 

1-406 „ 0147985 

3847 „ 3-585122 

38475t „ 4-585178 

* It would be difficult to give in this place a rule for taking out a 
logarithm, as it must be made to depend on the peculiar arrangement 
of the table in the student's hands ; nor is it necessary, since ample 
directions for finding the logarithms of numbers are always appended 
to the table. 

f When the natural number (as in this example) consists of more 
than four figures (the extent of logarithmic tables in general use), the 
fifth and all subsequent figures can be found by the rules given with 
the tables (see explanation of tables). 
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Nat. No. 

384-75 
384-757 
4196-534 
12100415 

48J or 48-75 
49i or 49-25 
2000 
200000 
1000^ 
2-4 
-24 

•024 • 
•000035 
1415216 

J or -75 

X 

2 

1 

1ST 
2000 

-004 
•04 
•6945 
•75234 

1000^^3. 
387i 
726i 



Ana. 



» 
>9 
99 
99 
99 
99 
» 
99 
» 

J> 

99 

99 
91 

» 

99 
99 
99 



Its logarithm is 2-585178 

2-585186 

3-622890 

...... 5^082800 

1-687975 

1-692406 

3-301030 

5-301030 

3000216 

0-380211 

1-380211 

2-380211 

5-544068 

6-150822 

1-875061 

1-698970 

2-602060 

4-698970 

3-602060 

2-602060 

1-841672 

1-876414 

1^954435 

3-000003 

2'5SS272 

2miOS6 



EULE IV, 

(12). To take ovi the natmral number corresp<mding to amy 
given logomth/m* 

For the method of taking out the several figures that con- 
stitute the natural number^ see explanation accompanying the 
tables. 
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To Jmd where the decimal point m the mirnher Uihmk out 
must he placed. 

First, When the index of the given logarithm is poffltiye. 

The number of integral places in the number taken out 
will be OTie more than the index. Thus, if the index of a 
logarithm is 2, the natural number contains three integral 
places ; and so on : the rest of the figures in the number taken 
out are decimals. 

EXAMPLES. 

OiTen the logarithm 2*477121, to find its natural number. 

Entering the table with the decimal part '477121, we 
find the number corresponding to it to be 3, or 30, or 300, or 
3000, &c. ; but, as the index of the logarithm is 2, the natural 
number must contain three integral figures. Hence the na* 
tural number of 2477121 is 300. 

Eequired the natural numbers of the following logar- 
ithms: 



Logarithms. 

1-380211 


Ans, Nat. Nc 


>. Ie 


1 24 


2-394452 


248 


B-394452 


W 






2480 


6-394452 


» 






. 2480000 


2-415671 


>J • 






260-417 


1-415674 


J> 






26-042 


2-310101 


» 






204-221 


4-196171 


J> • 






15709-83 


0-217845 


» 






1-65137 


1-841569 


w • 






69-4335 


2-841989 


» 






695-0064 


5-082800 


« 






121004-19 


0-147985 


ii • 






1-406 


0-394452 


ij 






2-48 



(13). Second. When the index of th^ ^yen logarithm is 
negative, to find its natural number. 



The natural number in this case will be a decimal. To 
find the number of ciphers (if any) to be prefixed to the figures 
taken fi:om the tables, subtract 1 fi:om the index (without 
regarding the negative sign) ; the remainder will denote the 
number of ciphers to be prefixed to the figures of the number 
taken from the tables : thus, if the index is 4, prefix three 
ciphers; if 2, prefix one cipher 3 if 1, the decimal mark is 
placed next to the figures taken oub ; and so on. 



EXAMPLES. 



Given the logarithm 4*394452, to find its natural num- 
ber. 

Entering the table with the decimal part *594453, we see 
the natural number opposite to it is 248 :- to this number 
prefix three ciphers, since the index of the logarithm is 4 ; 
hence the natural number of 4*394452 is -000248. 

Eequired the natural numbers of the following logar- 
ithms: 



Logarithms. 






2-380211 


Ana, 


Nat. No. ifl ^24 


^•544068 


99 


.... -0000S5 


i-841672 


99 


.... -6945 


7-875061 


>j 


.... -00000075 


3-602060 


» 


.... -004 


2-394452 


99 


.... -0248 



EtTLK V. 

MtidtipUoeiiti(m by logarithms. 

(14). Take out the logarithms of the given numbers fi:om 
the tables ; add them together : their sum will be the lo- 
garithm of the product of the given numbers ; the natural 
number corresponding to which is therefore the product re- 
quired. 
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EXAMPLES. 



Eequired the product of the following quantities : 

[1]. 47x1-405x84 Am. 5546-94 

[2]. -47 X 140-5 X -0084 „ -5547 



CcUcuIaHon. 

[1]. [2]. 
log. 47 . . 1-672098 log. -47 . . 


1-672098 


„ 1-405 . 0-147676 „ 140-5 . . 


2-147676 


„ 84 . . 1-924279 „ -0084 . 


3-924279 



log. product . 3-744053 
.-. product 5546-94 



log. product . 1-744053 
• •. product -5547 



1. 
2. 
3. 
4. 
5. 



Eequired the product of the following quantities : 



72 X 96 X 124 x -05 
84x96 
6x4x12x32 
64 X 362 X -4 
36x48x62x4 

6. 1234 X 9671 X -00617 

7. 2-4 X -007 X -54 x -1 

8. 784 X -000079 x -0000036 



Ans. 



9} 
99 
99 



42854 

8064 

9216 

9267 

42854 

73632 



•0009072 
•0000002229 



BULE VI. 

Division by loga/nthms, 

(15). From the logarithm of the dividend subtract the 
logarithm of the divisor : the remainder will be the logarithm 
of the quotient ; the natural number corresponding to which 
will be the quotient required. 



EXAMPLES. 



1]. Divide 472 by 32-2 

2]. . . -0472 by 3-22 



Am. 14-66 

•01466 
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CoiJI/sahiMm, 

[1]. [2]. 

log. 472 . . 2-673942 log. -0472 . . 2-673942 

log. 32-2 . . 1-507856 log. 3-22 . . 0-507856 



log. quotient . 1*166086 


log. quotient 


2-166086 


.•. quotient . 14-66 


.-. quotient 


•01466 


Find the value of the following expressions : 




9. 68-^34 


Ana. 


2 


10. 96-f-l-6 


99 


60 


11. 2004-64-^34 


9> 


58-96 


12. 19--72 


99 


0-26389 


13. 19-^-72 


» 


26-389 


242x559x63 
781x432 


99 


25-26 


84 X -00769 X -683 
' 598 X -0000146 X -039 


„ 1295-71 


16. l:3.2or3^^ 


99 


•3125 



17. l-5--45or^ „ 2-222 

•45 

18. 1^-0004572 or :^^ ,,2187.23 



KULE VII. 

Involutiumy or raJismg of powers hy loga/rUhms, 

(16). Firi^, When the quantity to be raised to a power 
is a whole or mixed number. 

Multiply the logarithm of the quantity to be raised by the 
number denoting the power; and the product will be the lo- 
garithm of the power, the natural number of which is the 
power required. 

EXAMPLES. 

Eequired the 16th power of 1-05, or tlie N«Xafe ^1 ^-^^^ 



12 



PLAZTB XRIGOKOMEKBT. 



log. 1-05 . . 0021189 

16 



127134 
21189 



log. (l-05)i« . -339024 
.-. (1-05) i« = 2-18280 

19. Required the 6th power of 4-7215 



20. 
21. 
22. 
23. 

24. 



3d 
150th 
200th 

4th 
1000th 



12* 
1-05 

10125 
1-0125 



Ana. 11078 

1953127 
1507-82 
11-989 
3701-53 
247742-3 



» 



jj 



w 



99 



W 



(17). Second, When the quantity to bo raised to a power 
is a decimal fraction. 

Take from the tables the logarithm of the decimal frac- 
tion : multiply, separately, the decimal part of the logarithm 
so taken out, and the index of the logarithm, by the number 
denoting the power. 

From the latter product subtract the whole number in the 
former, placing the negative sign over the remainder; and 
then affix to it the decimal part of the former product, the 
natural number of which wiU be the required power : which 
find from the tables. 

EXAMPLES. 

- Required the 10th power of -2. or the value of (-2)^. 

log. -23=1-301030=1+ -301030 



10 



10 



10_3O10300 
10 

log. C2)»<> 7-010300 
... (.2)W« -0000001024 
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Required the values of the following expressions : 

25. The 5th power of -2 or (-2)* Ana. -00082 

26. ('Sf „ -512 

27. (-09163)* „ -000070494 

28. (-975)^ „ -0063241 



RuMVnX 
Evolution^ or eoeiractmg of roots by hga/rUhma. 

(18). Fvr$t. When the index of the logarithm of the given 
number is positive ; or, if negative, divisible by the number 
denoting the root. 

Take out the logarithm of the given number, and divide it 
by the figure denoting the root to be extracted; and the result 
will be the logarithm of the root, which find from the tables. 

EXAMPLES. 

[1]. Required the cube root of 1234. 
[2]. Required the 5th root of -00005314. 



C<dculaium. 



Pl- 
log. 1234 . . 3) 3-091315 

log.^yi234.. 1030438 
.-. ^1234.. 10-73 



[2]. 



log. -00005214 . . 5 )5-717171 

log. >^-00005214 . . 1-143434 
.-. 4/-00005214 . . -1391 



29. Required the 5th root ol 784 

30. . . . square root of 365 



31. 
32. 
33. 
34. 
35. 
36. 



cube root of 12345 
10th root of 2 

square root of '093 

5th root of 7-0825 

365th root of 1-045 



cube root of 



•00125 



Am. 3-79195 
19-10498 
23-11162 
1-071776 
•304959 
1-479235 
1-000121 



jj 



j> 



V 



99 



99 



» 



» 



1077 



(19). Second, When the index of the. lo^«ii\i}GLTQ. ^i Siaa 
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number is Tiegative, and is not divisible by the figure denoting 
the root. 

Take out the logarithm of the number whose root is re- 
quired ; increase the index by the least number of units that 
will render it divisible by the figure denoting the root to.be 
extracted, annexing to the decimal part the same number of 
units so added to the index : then proceed as before. Thus, 
to divide 4-681241 by 3, write it down thus, 6+2-681241; 
then 6 + 2-681241 divided by 3 is 2-893747, the natural 
number of which is -078297. 

EXAMPLES. 

[1]. Eequired the square root of *1452, or the value of 
V1452. 

[2]. Required the 10th root of -00345, or the value of 
^-00345. 

Cdhulaiian. 

[1].^ [2]. ^ 

log. -1452 . . 1-161967 log. . . -00345 . . 3-537819 

or 2 + 1-161967 or 10 + 7-537819 

log. ^'U52 = 1-580983 log. ^-00345 = T-753782 

.-. ^'U52=z -381 .-. ^-00345= -5672 

37. Required the cube root of -0125 Ans. '2321 

38. . . . square root of -0093 „ -09644 

39. . . . 72d root of -096 „ -96797 

40. ... cube root of -000048 „ -036342 

Rule IX. 

Tojmd the value of a mmiber rcdaed to a power represented 

hy a fraction, 

(20). Multiply the logarithm of the number by the numer- 
ator of the fraction, and divide the result by the denomina- 
tor: the natural number corresponding to the quotient will be 
the value required. 
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EXAMPLES. 

[1]. Required the value of (6-025)^. 

[2] (•0925)*', or (-0925)*. 

Calculation. 

[!]• [2]. 

log. 6025 . . 0-779957 log. -0925 . . 2-966142 

4 3 

r )3-119828 2)4-898426 

log. (6-025)^ =0-445689 log. (-0925)*=: 2-449213 

.-. (6-025)* =2-79054 .-. (-0925)*= -02813 

Required the value of the following expressions : 

41. (-096)* Am. 0-272016 

42. (19)* „ 10-5439 
( 466871)^ x>y(3576)ig 

^'^' 996003 X V0077 " laiTJS^ 

44. The cube root of (-001234)2 or (-001234)* „ -01159 

45. (472)4 „ 30-586 

46. (-042)*' -000000000003741 

47. (-00563)"^ -6958825 

« 

(21). Rules 7, 8, and 9 are derived from the same property 
of logarithms, namely, log. a*=w log. a, where n may be any 
number, either whole or fractional: thus log. 6^=z5 log. 6; 
log. >^7=i log. 7 ; log. '2i=i log. -2. 

(22). If the index n of the quantity be negative, it will be 
perhaps the easiest way to reduce it, in the first place, to an 
equivalent expression with a positive index, which may be 
always done by substituting for the given quantity its reci- 
procal, with the sign of the power changed. Thus it is proved 
in Algebra that 

cr*= — • oT^ss — « 4 *^=-r, — =2*. — = — : hence the 
a*' a^' j^h 2-* * 6-* a* 
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log. of a~*=log. — = log. 1 —log. a*= — w log. a [since 

1 
log. 1 = (Part 11.)] ; log^ »-^ = log. ^ = — 3 log. «-; 

11 1 

log. 4"* = log. -; = — 3 log. 4; log. ^=log. aj5=5 log. aj; 

a"* b' 

log. Tz;=log. -;=i) log. b—n log. a; and so on. 

EXAMPLES. 

Required the value of the following expressioncr : 
[1]. -4-' [21^ [3].-^ 

Calculaiion. 
•A-'rri- —=4'^ -L=-2* 

log. 1 . .0-000000 log. 4 . . 0-602060 log. -2 . .T-301030 
log. •4'^ ..2-010300 5 4 

log. •4-:* . . 1-989700 log. ^, . . 3-010300 3-204120 

.-. •4-^=97-656 or 74-4-204120 

.•.jzi=1024 .-.log. -2* 1-600589 

.-. -2*= -3987 

Examples to the preceding rules. 
Eequired the value of the following expressions; 

48. 37 Am. 2187 

49. 3i „ 1-16993 

„ * -0004572 

-8548 
•5774 
1-507 
1-859 
2-425 



50. 


3-' 


51. 


3-+ 


52. 


3-i 


53. 


(4-2)* 


64. 


(045)-* 


55. 


(•045)-* 
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56. -^^ Ans. -0016 
•2-4 

# 

57. — — „ -04373 
(•02)-4 

58. gj^pi .. 110591-3 

59. i^l- „ -07509 

1-5 X 5-f 

60. .^^^ „ -00000675 
35 X v2 

61. !^K0I39^ij „ 107-m 

«- ^^* - *^^^ 

63. 32i and (42)8 ^^ 15-5884 and 4096 

64. (4)2' and (4)2* „ 65536 and 7103 



65. (50)-^'" „ 1-00383 

66. (6)-^^ „ 54-96 

67. (3124)i°«» „ 11-3 

(23). Sometimes examples of the following kind occur, in 
which several of the terms are connected by the signs + or — . 
In such cases the value of each term must be found separately, 
and applied according to its sign, as in the following 

EXAMPLE. 

Eequired the value of the following fraction : 

{6V47-5+3>^yi47i}t . (48f )^ 
3(l-05)20-100x-004 

The value of this expression is found as foUows : 

CcUculcUion of numerator. 
log. 47-5.. 1-676694 log. 147-5.. 2-168792 

.-.log. a/47-5.. 0-838347 .-..log. >^yi47-5.. 0-722931 
log. 6 ..0-778151 log. 3 ..0-477121 

.-.log. 6V47-5.. 1-616498 .'.log. S^lVl^.. V^^Vi. 

c 
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.•.6V47-5=41-35 .•.3>^J/1 47* =15-85 

and .-. 6v/47-5+3>yi47-5=57-2 
log. 57-2t. 1-757396 log. 48-75 .. 1-687975 

3 4 



5)5-272188 



5)6-751900 



log. (57-2)*.. 1-054437 log. (48J)*.. 1-350380 

and log. (57 2)*.. 1-054487 

.-.log. numerator=2'404817 

ColcnjiJUjilicm of defrwmmcUor. 

log. 1-05 0-021189 

20 



log. (1-05)2^.... 0-423780 
log. 3 0-477121 

log. 3(l-05)«> ..0-900901 

.-. 3 (1-05)20 =7-96 
and 100 x -004= -40 

. - . denominator= 7*56 



log. numerator . . 2-404817 
log. denominator 0-878524 

.-.log. fraction.. l'52Q2Qti 
and fraction=33-6 Ans. 



Bequired the value of the following expressions : 



^^. 



69. 



2(1)^^-2 



TT 



^3 



^wj?. 1747-6 
94-794 



» 



70. >y^>y6 + 253V V2 



</ 



716-5 



20 



19i->4.54 



« 



333-03 



Rule X. 

Of four 'proportional qiuintities, amy three hemg given to 
fvnd the fourth, 

(24). If the required quantity be an extreme term, add 
together the logarithms of the two middle terms, and subtract 
the logarithm of the other extreme. 



If the required qmmtitj be we of the middle tei^ns, Md 
the logarithms of the extreiiaes, ead subtr^ot the logmtbut (of 
the other middle term. 

Thm, i{a;b :;c:,ic wai x be requir^^^ together log. h 
aod log. Ci, and from the «am subtract Jog. a ; the inemaimder 
will be log. X, If a : 5 : : a; : c, add together log. a and log. c, 
and from the sum subtract log. h ; the remainder is log. x. 

The student wiU find it conyeiuent in working an equa- 
tion or proportion by logarithms to make a dash or stroke 
with the pen under the term required. 

Given 6 : 12 : : 50 : aj, to find x,. 

C(dcuUuion, 

log. 12 ....... 1-079181 

log. 50 .,..., 1-698970 

a-778151 
log. 6 ^..^.^. 0-778151 

log. X 2-000000 

.-.a;=100 

Find the value of a in the following proportions : 

71. 24:35::79:a: Am, a;=115-208 

72. 3505 : a; :: 1507 : 29-8 „ «= 69-3 

73. Find a fourth proportional to -0963, -24958, and 

•008967 Ans. -02324 

74. V724: A/^^::6-927-.a; „ -1596 

KULE XL 

To reduce arithmetical and algebraical expressions to log- 
arithms. 

(25). (a) The logarithm of the product of wx>j wwsJ^^x vi\ 
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terms is equal to the sum of the logarithms of all the terms 
in the product: thus, if a;=a5, then 

log. 33= log. a -flog, h 
(h) The logarithm of the qiiotient of anj two numbers is 
equal to the logarithm of the dividend diminished by the log- 
arithm of the divisor: thus, if a;=a-5-5, or -, then 



log. a;=log. a— log. b 

If a;=— -, then 
de 

log. 33= log. a -flog. 6 -flog, c— log. e?— log. e 

(c) The logarithm of the potver of any quantity is equal to 
the logarithm of the quantity multiplied by the number de- 
noting the power : thus, if x=a^^, then 

log. a;=10 log. a 
lix=a^l^, then 

log. a; =2 log. a+3 log. h 

(d) The logarithm of the root of any quantity is equal to 

the logarithm of the quantity divided by the number denoting 

the root to be extracted : thus, if x=z^a, or x=a^, then 

, log. a , , 

log. ag= or f log, a 

3 

If a5=a^6^, then 

log. a;=3- log. a+i log. b 

Exoi/m/plea ofredudng algebraical eocpressiona to logcMrithms* 

Eeduce the following expressions to logarithms : 

75. x=abcd Ans, log. a;=log. a-f-log. 5+log. c+log. d 

76. aj=r — „ log. a;=log. a+log. 6— log. c 

c 

77. a?=-j „ log. aji^log. a+log. 6— log. c— log. d 

cd 

78. x:=^a^bcd^ „ log.a;=21og.a-f log.6+log. c-f 21og. c? 

79. x=z /y ■ „ log. a=2 log. a+log. 6+J log. c— 10 
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80. a;= \ Arts, log. a5=| log.a+ log.hi-^log.c—log.d 



81. x=z 



d 
sjcih 



%"!. a;= 



«^2 



„ log.a5=ilog.a+ Jlog.5— log.c— 2 log.e? 



»yrf 



». 



log.a;=ilog.a+ilog.5+Alog.c— :}log.e^ 



(26). By means of the preceding rules the following equa- 
tions may be solved. 

Find an approximate value of x in the following equa- 
tions : 

Am, a;=2-658965 
a:=2-4101 



85. 
86. 

87. 



83. 10'=456 

84. ic3=14 
a:5=:14-76 

32'= 20 
aj8=.004 
^^. ar3=4i 
89. aj= (-02445)* 
a;=395^47691 
2_ 
123 



90. 
91. 



V 3-14; 



92. 

93. 

94. 

95. 

96. 

97. (|)'=54J 



14159 



a'=h 






a 






5"*- 



,=c 



;iii«— n 



a'= 



98. 



6 

a'=c 






aj=l-71323 
fc=l-3634 
X- •1587 
a:= -6057 
fc= -06183 
a;= 1-0054 

ic= -1275 

a;= -6827 
log. 6 



a;= 



log. a 



log. a —log. 6 
_ log. c— log. h 
m log. a — n log. 6 



a;= 



w log. 5 



mlog. 5 —log. a— r log. c 
a;= 17-91 
5 log. a 



a;= 



99. a* =c 



log. c 
1 /log. c\ 

" '"=1^6- ^"S- Ira 
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100. (10i)'=20 Am, a;=l-27 

tOl. 28'=4 „ a;=: -6^309 



Rule XII, 

To find the< value of a fractional logarithmic expression^ 
when the index of the logarithm of one or both of the terms 
is negatiTe^ 

Reduce the logarithm with the negatire index to a qmn-' 
tity wholly negative (Rule II. p. 4)^ The logarithm then be- 
comes wholly negative, and the division can be performed by 
the common algebraical rule. 

EXAMPLE. 

Given ('04)^'= 5 ; find the numerical value of x* 

Since (•04)8'=5 

.'. Saslog. -04= log. 5 

log. 5 0-698970 -69897 
log. 04 2-602060 -1-39794 
.-. «=— 1-6666 
Find the numerical value of x in the following equations : 
48*= -005 Ana. a;±c -1-274 

(•04)8'=: -001 „ x= -715 

(-04)^=5 „ a:=:>/-(0-5) 

(•04)^^=5 „ ^x:=-0'5 

(27). Logarithms were originally invented to facilitate 
trigonometrical calculations. The following examples will 
show their use in applications of another kind. 

In Geometrical Progression. If a=the first term 

of a geometrical series, r= common ratio, n 3= number of 

terms, and S=sUm of terms; then it is proved in Algebra 

r"— 1 
that S=a . =-. Any three of these quantities being given, 

the fourth may be teadily found by means of logarithms. 



JPLAKB TSIQOirOMETSir. ^3 

EXA.MPLES. 

102. Find the sum of 20 terms of the series, 

log. (1-5)20=20 log. l-5=3-521820 

.-. (1-5)20=^ 3325-21 

,Q 3325-21-1 3324-21 _._.. . 

and S= = — - — =6648-42. Ans, 

i i. 

103. The sum of a g«ometrioal series is 6060, its first 
ierm 2, and common ratio S : find the number of terms. 

Sz=,a- ^ .•.6560=;;2.V-^-3"-l 

.-. a»=6561, and n log. 3= log. 6561, .*. n= ^^' > =;:8 

104. If sum of series =1023, first tena=l, common ratio 
=:2; what is the number of terms? Ans. n=10. 

Without the use of logarithms tjhe l^t two questions 
"would be very difficult to answer. 

In Compound Interest. If P denote the principal, r the 
interest of .£1 for 1 year, n the number of years, and A the 
amount, then it is proved in Algebra that A=P (1 +r)* : any 
three of these quantities being given, the fourth may be 
found. 

EXAMPLE^. 

105. If £200 be placed out at compound interest for 7 
years at 4 per cent ; required the amount. 

A=P(l+r)» 
.-.log. A= log. P+w log. (1 +r)= log. 200 + 7 log. (1 + -04) 

Am. A=je263 3«. 8d. 

106. At what rate of interest must .£400 be placed out 
that it may amount to £5^9 6$, id. in nine yeara^ at com* 
pound interest ? 
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A=P (1+r)' .:, log. (l+r)=^HglA=l£il2 

Ans. r=: '04, or 4 per cent 

107. In how many years will £500 amount to £900 at 5 
per cent, compound interest ? 

A=P(l+r)« ,.,,J^ g-A--logP 

^ ^ log. (1+r) 

Ans. w= 12*04 years. 

108. In Astkonomy. It is proved that the sqiMres of 
the times which two planets employ to make their revolutions 
about the Sun are to each other as the cubes of their distances 
from the same heavenly body. Ejiowing that the revolution 
of the Earth about the Sun is performed in 365 days, 5 hours, 
48 minutes, 51 seconds ; and that of Jupiter in 4330 days, 
14 hours, 39 minutes, 2 seconds : it is required to find the 
ratio of the distances of these planets from the Sun. 

Beducing in the first place into seconds the given re- 
volutions, we have 31556931 seconds for the Earth, and 
374164742 for Jupiter. Eepresenting the first by a, the se- 
cond by b, the distance of the Earth from the Sun by 1, and 
that of Jupiter by as, we have 

or a»=-5 

.•.3 log. x=:2 log. 6—2 log. a 

, , 2 log. 6—2 log. a ^ -- ^_^„ 
and log. x= ^ — ^ — =0-715978 

.% a?=:5-1997 
Or the distance of Jupiter from the Sun is to that of the 
Earth from the same body nearly as 52 : 10. 

Table of hga/ritJmdc sines, d:c. Table ofnodural versines. 

(28). In addition to the table of logarithms of numbers, 
the use of which has been illustrated by so many examples, 
the student must make himself acquainted with the table of 
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log. sines, tangents, <!^c. ; as by means of these two tables nearly 
the whole of the problems in Trigonometry and Navigation 
are solved. 

Another table, called the table of natural versines, is some* 
times used with advantage in questions where an angle or arc 
is required to the nearest second ; since, this table being com- 
puted to seconds, the value of the arc or angle may be taken 
out by inspection, and thus the tedious labour of proportion- 
ing for seconds, which it is sometimes necessiiry to do when 
the table of log. sines is used, is avoided. 

As rules and directions for taking quantities out of these 
tables to the nearest second accompany the tables, we will 
give in this place only a few examples as exercises. 

Table of log, sines, tcmgerUs, dec, 

EXAMPLES. 

113. Take out the log. sine, log. tangent, and log. cosecant 
of the following angles (to the nearest second) : 

Angles. Log. sine. Log. tan. Log. coaec. 

10^10' 6" Ans. 9-246845 9253720 10753155 

19 10 40 „ 9-516536 9-541332 10-483464 

48 35 35 „ 9-875079 10-054613 10-124921 

61 24 40 „ 9-943532 10-263630 10-056468 

114. Eequired the angles (to the nearest second) whose 
log. sines are : 

9-641452 Arts. 25° 58' 30" 

9-714185 „ 31 11 12 

9-984204 „ 74 38 2Q 

In the above examples the value of the angle is found to 
the nearest second ; but in the common problems in Naviga- 
tion it is seldom necessary to proportion to the nearest second, 
it being sufficiently correct to take out the quantity required 
by inspection, In'Inman's Nautical Tables, the log. sine, <!^c. 
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of ttOL aaigle can be taken ont bj inspection to th^ Bearest 15" ; 
m nearly all other works on Navigation, to the nearest minute 

(29). When the angle whose trigonometrical ratio ia rft> 
quired Us greater than 90^, ita yalue may be found in the table 
as. follows : Subtract the an^le from 180^, and look for the Ie^ 
maind^y which is called its suppl&ment^ in the tables. Thus, 
to. find the log. sine of 100° 10', subtract it from 1«0% and 
look for the log. sine of the remaincler (namely, 79° 50^), 
whidi is 9-993127 ; therefore log. sine 100° 10'=9-993127. 

(30). But the readiest way will, in general, be to dmimth 
the given angle by 90^, and to look out the remainder accord- 
ing to the following rule: 

Rule XIII. 

To take outjrom the table the log, sine, log. cosine, dsc. of an 
angle greater than 90°. 

Diminish the angle by 90° : then 
if sine is required look out cosine of remainder 

cosine sine , . 

tangent cotangent 

and in the same manner for secant, cosecant, <&c. 

EXAMPLES. 

Take out of the tables the log. cosine of 100° and the log. 
cosecant of 170° 14' 15". 

log. COS. 100°=:log. sin. 10° 
log. cosecant 170° 14' 15"=log. sec. 80° 14' 15" 
By the tables : 

log. sin. 10°= 9-239670 and 
log. secant 80° 14' 15"= 10770665 
.-. log. cos. 100°= 9-239670 and 
log. cosecant 170° 14' 15"= 10-770665. 

(31). Table of ruUv/ral versines, 

EXAMPLES. 

115. Find the natural versines of the fallowing angles : 
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26° 32' 15" . Ana. 105357 

157 48 50 ^ 1925964 

90 7 15 ,, 1002109 

125 30 „ 1573695 

116. Eequired the angles whose natural versines are : 

1175443 Ans, \W 6' 16" 

105357 ^ 26 32 15 

1925964 „ 157 48 50 

1573695 „ 125 30 

Other special tables used' in Trigonometry and Navigation 
tequGrd no cixcmiples in this plaee to illustrate their use. 

(32). jRechicUon qftrigrniom^ricalformulce to tabular log- 
ariikms^ 

Trigonometrical formulsa are reduced to logarithms by the 
common rules for reducing algebraical formul» {25) ; but in 
order to avoid, as much as possible^ the inconvenience of using 
negative indices in calculations, the table of log. sines, co- 
sines, &c, is constructed by adding 10 to the indices of the 
log. sines, &c. Thus, the sine 30° is proved ic^ Trig. Part II. 

to be equal to ^ or -5, its logarithm is therefore 1*698970: 
but the log. sine of 30° contained in the tables, or as it is 
called the tabular log. sine, is 9*698970 ; that is, the tabular 
log. sine is equal to the log. sine +10, and therefore the log. 
sine of any angle = tab. log. sine— 10. And as the same 
addition is made to the indices of the logs, of all the trigo- 
nometrical ratios, we must, in reducing such trigonometrical 
formulae to tabular logarithms, subtract 10 from the logarithm 
of each trigonometrical ratio used in the expression. 

For a similar reason, viz. to avoid the use of negative in- 
dices, the table of natural versines is constructed by multiply- 
ing the natural versines by one million ; thus, by Part II., 
Versine 60°=-^=: '5; but the versine of 60° as contained in 
the table= * 5 x 1000000 = 500000 ; that is, tab. vers.=ver. 
X 1000000; therefore, in logarithms. 
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« log. tab. vers. = log. vers. + 6 

and log. vers. = log. tab. vers.— 6 

Hence the following rule : 

Rule XIV, 

To reduce a hgaritlmiic fcyrmula to taibulot/r loga/nihms. 

Subtract 6 from each log. versine, and 10 from the logar- 
ithm of # each of the other trigonometrical terms that occur 
in the formula. 

EXAMPLES. 

117. Thus, if tan. A=sin. A. sec. A. In tabular logar- 
ithms^ 

tab. log. tan.A— 10=tab.log. sin.A— 10+tab.log. sec. A— 10 
or, as it is usually written (suppressing the word tabular, it 
being understood that the formula is reduced to ^o&teZor logar- 
ithms), 

log. tan. A— 'lOrrlog. sin. A— 10 -flog. sec. A— 10 
and collecting and cancelling the tens, 

log. tan. A=log. sin. A -flog. sec. A— 10 

If tan. A=: — '—r» In tab. logs. 
COS. A 

log. tan. A— 10=log. sin. A— 10— (log. cos. A— 10) 

or log. tan. A=log. sin. A+IO— log. cos. A 

A 

118. If ver. a;=:2 sin. h . sin. c . sin.^— -. In tab. logs. 

Jog. ver. ar— 6 = •301 030 + log. sin. i— 10 + log. sin. c— 10+ 2 log. sin.-—— 20 
or log. vers. a:« 6*301030 + log. sin. 6 + log. sin. c + 2 log. sin.- — 40 

EXAMPLES. 

Eeduce to tabular logarithms the following formulae : 
119. sin. a;=cosec. y . tan. z 120. a=5.tan. A 

121. tan. A=^ 122. -=cot. A 

a 
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Answers to 119, 120, 121, 122. 

119. log. sin. a3=log. cosec. y+\og, tan. z—10 

120. log. a=log. 6+log. tan. A— 10 

121. log. tan. A=10+log. a— log. b 

122. log. aj=log. a+log. cot. A— 10 

In almost every problem in Trigonometry and Navigation 
we shall have occasion to reduce trigonometrical formulsB to 
tabular logarithms. We will therefore give in this place a 
few examples for reduction, and for finding the value of the 
unknown quantity by assigning numerical values to the given 
quantities. 

SB 

123. Given - =cot. A; find the numerical value of a? when 

a ^ 

a=20, and angle A=30° 10'. 

Since -=cot. A 
a 

..'. x=a cot. A 

In tab. log.. . . .log. a;=log. a+log. cot. A— 10. 

Calculation. 

a=20 log. a 1-301030 

A==30^ 10' log. cot A. . 10-235648 

11-536678 
10 



log. « 1-536678 

.•.iB=34-41 

Given tan. !0s=—^ — ^ — : to find x. when A=20° 10', 

tan. C 

B=32°45', andC=78^45'. 

sin. A cos. B 

tan. aj= — 7= 

tan. C 

In tabular logarithms, 

log. tan. ar— 10=log. sin. A— 10 + log. cOi. B — 10— (log. tan. C— 10) 
—log. sin. A— 10 + log. COS. B^ 10— log. tan. C + 10 
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Cancelling the tens, we hanre 

log. tan. a3=log.«im. A+log. coa. B— log, tan. C 



CcUculatian, 

A=20«* KT log. gin. A , . 9-537507 

B=32 45 „ XXM.B.. 9-924816 

^='^® *^ 19-462323 

„ tan. C . . 10-701388 



„ tan. X . . 8-760985 
.•.ic=3^18' 

In the equation, x=a. • tan. A . sin. B . cosec. 0, find x, 
having given a=416 feet, A=23^ 50' 15'', B=54^ 28' 30*?, 
and C= 147° 32' 50". An^, x=: 2787 feet 



(33). Use of the algebraic signs -H- and ^ to determine the 
inagnitvde of an angle. 

The numerical value of any trigonometrical ratio of an 
angle and of its supplement (29) being the same, therefore 
the log. of any trigonometrical ratio taken out of the tables 
corresponds to both angles: thus, sin. 100° being equal to 
sin. 80°, the log. sine of 100°=log. sine of 80°. For this 
reason, when we have given the log. sine of an angle to find 
the angle, we are not always certain that the angle found in 
the tables or its supplement is the correct one. This uncer- 
tainty, however, can be removed when the trigonometrical 
ratio in question is a tangent, cotangent, secant, or cosine, by 
finding, by the following Rule, whether its algebraic sign is 
+ or — . When the algebraic sign is +, the angle taken out 
of the tables is the one sought : when the algebraic sign is — , 
we must subtract the angle taken out from 180° for the re- 
quired angle. 
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Rule XV, 

(34). To determine the algebraic sign of a trigomxymdrioaX 
ratio in anyformvla adapted to loga/nthms where all the other 
terms are known, cmd thence to find the magnitude of the amgUy 
that iSi wheiher it is greater or less them "90^. 

Write down the formula^ and simplify it by clearing it of 
fractions, <!^c. ; put over each given term its prefer algebraical 
sign; that is, over each tangent, secant, cosine, and cotangent 
of an angle or arc less than 90°, the sign + ; and over each 
of the same quantities when the angle is greater than 90°, the 
sign — ; but over each sine, cosecant, and versine, the sign 
+> whether the angle is greater or less than 90°: and deter- 
mine from thence the sign of the product of that side whose 
terms ave «all known. 

Then, «inoe the sign of the product of each side of the 
equation must be the same (otherwise we should have a posi- 
tive quantity equal to a negative quantity), make it so by 
putting over the unknown term the sign + or — accordingly. 

Then, if + falls over the unknown term, the part required 
is less than 90°, and the quantity taken out will be the amgle 
required; but if — , subtract the angle taken out of the table 
from 180°, the remainder will then be the angle required. 

(Ambigiums case). When the part sought is expressed in 
terms of the sine, the above rule will not apply, since the sine 
is positive, whether the angle is greater or less than 90°. The 
uncertainty which thence arises (forming what is called in 
Trigonometry the ambiguous case) can be removed only in 
particular cases. 

In the above rule the angle required is supposed to be less 
than 180°. 

EXAMPLES. 

In each of the following formulae it is required to find the 
value of a; : supposing A=45°, B=120°, and C=130°. 

123*. Given cos. a;=tan. A . cos. B . sec. C, find in the 

first plaQe whether x is greater or less than 90°. 
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By the rule we see that tan. A is +, cos.B is — , and sec.C 
is — : placing, therefore, over the given terms their proper 
signs, we have 

+ - - 

COS. a;=tan. A . cos. B . sec. C; and since the product of the 
three terms on the right-hand side of the equation is posi- 
tive, cos. X must also he positive ; put the sign -f over cos. x 
accordingly, which shows that x must he less than 90^ : hence 

+ + - - 

the formula becomes cos. a?=tan. A . cos. B . sec. C. 

Calculation, 

log. COS. jr— I0=log. tan. A— 10 + log. cos. B— 10 + log. sec. C— 10 
or log. COS. a:=log. tan. A+log. cos. B + log. sec. C— 20 

A=45° log. tan. A . . 10-000000 

B=120 „ cos.B .. 9-698970 

0=130 „ sec. C .. 10191933 

„ cos. X . . 9-890903 
.•.a=38°56' 

124. Given sec. x= sin. A . sec. B, to find whether x is 

greater or less than 90°. 

Determining by the rule the signs of sin. A and sec B, 
we see that the sign — must be placed over sec. a, or 

- + - 

sec. 0?= sin. A . sec. B, a negative product ; therefore sec. x 
is negative, or x is greater than 90°. 

Calculation. 

log. sec. aj=log. sin. A+log. sec. B— 10. 
A=45° log. sin. A . . 9-849485 

B=120 „ sec. B.. 0301030 (rejecting 10) 

„ sec. X •• 10*150515 

45° 
180 

.•.a;=135 
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125. tan. a;=cosec. A . cos. B 

Placmg over cosec. A and cos. B their proper algebraic signs, 

we see that tan. x is negative, or 

- + - 

tan. a;= cosec. A . cos. B 

and therefore x is greater than 90°. 

126. cosec. A . sin. B= cot. x 

Proceeding in a similar manner, we find that x is less than 
90°. 

127. sec. A . sin.2C=cos.2B . cot, x 

Placing over the given quantities their proper signs, and re- 
collecting that the square of cos. B must be positive, we have 

+ + + + 

sec. A . sin.2C=cos.2B . cot. x 

.' . aj is less than 90°. 

128. sec. A . sin.2C=— cos.^B . cot. x 
Placing the signs over the given quantities, and taking into 
consideration the negative sign in front of the right-hand side 
of the equation, we see that — must be placed over cot. x in 
order to render the right-hand side of the equation the same 
sign as the left, namely, positive : hence 

+ + + - 

sec. A , sin.2C=— cos.^B . cot. x 

.\ xia greater than 90°. 

+ - - - 

129. sin. A . cos. aj=— cos. B . cot. C 

.*. a? is greater than 90°, 

130. ver. A=-: — ^^ — —^ — 

sm. C . tan. x 

+ .+ "■"" 

or ver. A . sin. C . tan. a:=oos. B 

or a? is greater than 90°. 

(35). Sometimes trigonometrical expressions occur in 
which several of the terms are connected by the signs -f or — ^ 
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and which cannot be reduced to a convenient logarithmic 
form. To determine the numerical value of such expressions, 
the value of each term must be found separately, and then 
applied with its proper sign. The method of proceeding will 
be seen in the following example : 

Given w= ^ tan. x . sec. y—a^h . cos.^ ; to find the value 
of w, when iB=32° 10', y=80°, a=25, and 6=50. 

Ans. w= — 9*79. 

Calculation. 

Let m=:tan. x sec. y 

„ w=a^6 cos.^y .'. w=/ij/m— 7i 

log. m=log. tan. a+log. sec. y— 20 
log. w=2 log. a+log. 6+2 log. COS. y— 20 
and log. tt= J log. (w— w) 



To find m. 

log. tan. a; 9-798596 

log. secy 10-760330 

log. m 0-558926 

.•.m*:3-62 

To find u, 

log. w= J log. (w-*w) 

log. {m—n) 2-972517 

. • . ^ log. {m —n) . . 0-990839 
.•.w=— 9-79 

Find u in the following expressions : the values of a, 6, x, 
and y, being the same as in the last example. 

u=:a COS. 03—6 sin. y. Ana, w= — 28-08 

a sec. 03+6 cos.^y 



To find n. 

log. a 1-397940 

log. a. 1-397940 

log. 6 1-698970 

log. COS. y . * 9-239670 
log. COS. 2/.. 9-239670 

log. ♦*.»*... 2-974190 

.-.71= 942-3 

and m= 3-62 



.•.m—w= — 938-68 



u=- 



tan. 05— COS. y 



w 



w= 39-6 



The following application^ of logarithms to the solution of 
some important problems in Nautical Astronomy and Navi- 
gation may not be unacceptable to the Nitval student. The 
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investigations or proofs of these problems will be found in 
Navigation, Part II. The results only are given in this 
plac^ as exercises in the use of logarithms. 

(36). To calculate the Dip of the horizon. 
The dip may be computed from this formula : 

dip (in minutes) = \/*984:a 
where a is the height of the eye in feet above the surface of 
the sea. 

EXAMPLE. 

Required the dip of the horizon for the following heights 
of the eye above the sea: (1), 110 feet; (2), 20 feet. 

Ana. 10' 22"; 4' 26". 

(37). To calculate the Paballax of a heavenly body. 

The horizontal parallax (P) may be determined by ob- 
serving the zenith distances of a heavenly body at two distant 
places on the same meridian; for it can be proved that 

P (m seconds)= ^^-^ ^ cosec. ^ sec. — 5— 

tfheore z and z-^ are the reduced zenith distances in latitudes 
^and^. 

EXAMPLE. 

Eequired the horizontal parallax of Mars from the follow- 
ing observations : 

In lat. I 59° 20' 30" N ;2? =68° 14' 6" 

„ ^ 33 55 S «i=25 2 

Am. P=22"-93. 

(38). To calculate the Augmentation of the Moon's semi- 
diameter. 

The augmentation (A) of the Moon's horizontal semi- 
diameter for any altitude {t) mz,j be computed from this for- 
mula: 

A (in sec.)=2R . sec. t . sin. -J- (<-|-a) , sin. ^ {t—a) 
where E = horizontal semidiameter, t = true altitude^ aud a 
= apparent altitude* 
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EXAMPLE. 

The Moon's horizontal semidiameter heing 15' 16", re- 
quired its augmentation when the apparent altitude =60° 10', 
and true altitude=60° 38'. Am. A=13"-2. 

(39). To calculate the Contraction of the Moon's semi- 
diameter. 

The contraction of the Moon's semidiameter on account of 
refraction may be computed from this formula : 

contraction (in ")=c . sin.^a 
where c= difference of refraction for the altitudes of vertex 
and center, and a = inclination of semi, to horizon. 

EXAMPLE. 

Find the contraction of that semidiameter of the Moon 
which is inclined 60°; the difference of refraction for vertex 
and center being 25". Ans. Contraction =18"*75. 

(40). To calculate the Keduced Latitude. 

The reduction of the latitude, I, on account of the sphe- 
roidal figure of the Earth may be computed from this for- 
mula: 

reduction (in minutes) =11 sin. 2 I 

EXAMPLE. 

The true latitude of a place being 54°, required the re- 
duced latitude. Ans. Ked. lat.=53° 49' 36". 

(41). To calculate the Reduced Horizontal Parallax. 

The Moon's horizontal parallax put down in the Nautical 
Almanac is the eqrmtorial horizontal parallax. 

For a place in latitude I, the correction of equatorial hori- 
zontal parallax, on account of spheroidal figure of Earth, may 
be computed from this formula: 

reduction (in")=-0032A . sin.2^ 
where h is the Moon's equatorial hor. par. 
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EXAMPLE, 

Required the Moon's horizontal parallax in latitude 50® 
48' N., the hor. par. in Naut Aim. being 59' 54'' or 3694". 

Am, 59' 47"- 1 

(42). To calculate the Earth's Equatorial and Polar 
Diameters. 

From the actual measurement of a degree of the meridian 
in different parts of the world; it appears that the length of 
the degrees of latitude increases from the equator to the pole, 
according to a law which would hold if the Earth were an 
oblate spheroid. The lengths D and Dj (in feet) of a degree 
in latitudes I and Zj being given, the values of the polar and 
equatorial radii a and h (expressed in miles) can be computed 
hf the following formula : 

a-6=-0036171 (D-DJ cosec. (/+/,) cosec. (/-/i) 
a= -0036171 {2(D-Di) + 3(Di8in.'/-Dsin.«/i}cosec.(/+ /i)cosec (l-^I^) 

EXAMPLE. 

The lengths of a degree of the meridian measured in Eng- 
land and India in latitudes 52° 35' 45" N. and 12° 32' 21" N. 
were 364971 feet and 363013 feet respectively ; required a 
and b, 

Atis. a— 6=12'2 miles ; a=3962 miles, 6=3950 miles. 

The investigation of the formulae in this important problem 
may be found in the volume of Prchhrns in Astronomy, Sur- 
veying, and Namgation, published by the author ; which also 
contains the solutions of all the problems contained in this 
book. The proofs of the following practical rules are given 
in Trigonxymetry, Part II. 
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CHAPTEE II. 

EULES IN PLANE TRIGONOMETKY. 

EuLE I. — First Method^ using Haversinbs.* 

Three sides of a plome tricmgle being given, to find am, 
angle. 

Put down the two sides containing the required angle, and 
take the difference, under which put the third side ; take the 
sum and difference, and also the half sum and half difference. 

To the arithmetical complementsf of the logarithms of the 
first two terms in this form add the logarithms of the last 
two, and reject 10 in the index ; the result will be the log. 
haversine of the required angle, which find in the table. 

EXAMPLE. 

In the plane triangle J ABC, 
given the side a=20, 6=30, and 
c=4:0; required angle A. 

I 

* If the student have no table of log. haversmes, the angle may be 
found by the second method. 

f The arithmetical complement of a logarithm is the difference be- 
tween the logarithm and 10; thus 10— log. 3 is the arithmetical comple- 
ment of log. 3. In practice it is most easily found by taking each figure 
of the logarithm from 9, except the last, and that from 10 ; thus, ar. co. 
of 2-714152 is 7*285848 ; ar. co. T-314150 is 10-685850 (the last figure 
in this Example being 5, the cipher at the end not being of any value 
in that position). 

t The sides of a triangle are generally disting^shed by the same 

letters as the angles opposite to them, but small, as in the above figure. 

The diagrams in this, and the following problems, are not drawn to 

scale : the method o£ constructing triangles by scale and compass, al- 

though not giving such correct results aa tYie \og'8j; v1t^TI^^& xti^\}tv(A 
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30 ar. CO. log 8*522879 

40 ar. CO. log 8-397940 

10 log. 15 1176091 

20 log. 5 0-698970 

30 log. hav. A 8-795880 

10 .-. angle A=:28° 57' 15'' 

15 
5 

KuLE I. — Second Method, without Haversines. 

Three aides of a plome tricmgle being given, to find an angle. 

Put down the two sides containing the required angle, and 
take the difference, under which put the third side ; take the 
sum and difference, and also the half sum and half difference. 

To the arithmetical complements of the logarithms of the 
first two terms in this form, add the logarithms of the last 
two, divide by 2, and look out the result as a log. sine : the 
angle corresponding to which will be half the required angle. 

EXAMPLES. 

[1]. In the triangle ABC, given a=512, 6=627, c=430 : 
required C. 

512 ar. co. log 7*290730 

627 ar. co. log 7-202732 

115 log. 272*5 2-435366 

430 log. 157-5 2-197281 

04:5 2 )19-126109 

315 log. sin .|C 9563054 

272-5 .'.iC 21° 26' 45" 

157-5 2 

and C=42 53 30 

in this book, ought to be known by the student. He will find ample 
directions for solving triangles instrumentally in any work on ^racticQ.1 
geoj^etrjr and mensuration. 
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[2]. In the triangle ABC, given a=-025, 6=i or -125, 
and c='115 j required B. 

•025 ar. CO. log 11-602060 

• 115 ar. CO. log 10-939302 

•090 log. -1075 1-031408 

-125 ' log. -0175 2-243038 

•212 2)19;^815808 

• 035 log. sin.iB 9-907904 

•1075 .-.16=53° 59^30''^ 

•0175 2 

and B= 107 59 

In the above examples the angles have been taken out of 
the tables by inspection, namely, to the nearest 15". If 
greater accuracy be required, the student is referred to the 
rules for proportioning for seconds which accompany his 
tables of logarithms. 

EXAMPLES. 

I 

Required the angles of any plane triangle ABC whose 
three sides, a, 6, c, are given, namely : 

131. a=798 Ans. A=: 89° 45' 37" 
5=460 B= 35 12 7 
c=664 C= 55 2 16 

132. a=512 „ A= 54 8 11 
5=627 B= 82 58 11 
c=430 C= 42 53 38 

133. a=649 „ A= 56 4 6 
6=586 B= 48 31 4 
c=757 C= 75 24 50 

134. a=627 „ A= 29 44 2 
6=1140 B=115 36 32 
c=718-9 C= 34 39 26 

135. a=-025 „ A= 10 58 
6= i B=107 58 50 
c=-115 C= 61 3 10 



136. 


a=-8 
6=672 




c= -275 


137. 


a= i 
6=1 
c=1013 


138. 


a= i 
6= -541 




c=-674 



9> 



» 
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Ana. A=107°46' 6" 

B= 53 7 24 

C= 19 6 30 

A= 28 14 14 

B= 45 12 34 

C=106 33 12 

A= 20 11 24 

B= 48 19 11 

C=lll 29 23 

In the above examples the angles have been computed to 
the nearest second j a tedious operation, which the student 
may omit (the result correct to the nearest minute being, in 
most cases, considered sufficient). 

Rule II. 

0/ two sides and two opposite angles, any three being gvoen, 
to find the fourth. 

Write down a proportion, having for the first two terms 
the two sides concerned, and for the third term the sine of the 
angle opposite to the first side put down, and for the fourth 
term the sine of the angle opposite the side in the second 
term of the proportion : mark the term required with a stroke 
of the pen underneath. 

If the term marked be a middle term ; add the logarithms 
of the two extreme terms, and subtract the logarithm of the 
middle term not marked. 

If the term marked be an extreme term ; add the logar- 
ithms of the two middle terms, and subtract the logarithm of 
the extreme term. 

The result will be the logarithm of the required term. 
See examples to Art. (24), p. 19. 

Note [1]. When two angles of a plane triangle are known, 
the third can be found by adding together the two known 
angles and subtracting the result from 180°; the remainder 
will be the third angle : hence, if two angles and the adjacent 
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side be given, the third angle is also known, and thence by 
the above rule the other two sides can be found. 

[2], This rule depends on the property of triangles, that 
the sides are to one another in the same proportion as the 
sines of the angles opposite to them; and it will be in general 
the easiest way of working, to write down such proportion, 
and find the unknown term as in Art. (24). 

EXAMPLES. 

In a plane triangle ABC, given a=50^, hz=:25, and A= 
68° 48' : to find the other parts. 

Describe the triangle ABC, making the given parts as 

near the truth as possible without using instruments : mark 

the given parts (A, a, b) of the triangle with a stroke of the 

^ pen, as in the figure : then, since the 

rule requires that the four parts con- 
cerned should be two sides and the 
two angles opposite to them, the 
part to be found must be B; mark 
^ this with a different character (these 
marks wiU render it more easy to apply the rule) ; then write 
down a proportion as directed by the rule, and proceed to 
findB. 

The angles A and B being known, C is easily found (Note 
[1]); and thenoe, by a proportion, the side e. 




a:b : 
log. b 


CalcuUxtion, 
To find B. 
: sin. A : sin. B 
.... 1-397940 
1. A 9-969567 


[2]. 
B • . . 

iA. a . . 

C: 


To find C. 

. 27° 38' 15" 
. 68 48 


log. sii 


96 
180 


26 15 




11-367507 
.... 1-701136 




log. a 


=83° 


33' 45" 


log. sin. B 9-666371 
B=27° 38' 16' 
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[3]. To find the side c. 

Describe the triangle ABC again, /\ 
but mark the given parts A^ a, and * 
C with a stroke of the pen, and the 

required part c with a different mark, l^ ^ 

as in the figure ; then make a pro- ^ ^ 

portion of the four parts marked ; thus 

c :a : : sin. C : sin. A 

log. a ." 1-701136 

log. sin. C 9-997253 

11-698389 
log. sin. A 9-969567 

log. c 1-728822 

. -.0=53-56 
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EXAMPLES. 




Find the other parts of the triangle 


ABC, having given : 


139. 


a=214 Ans. 


B= 36° 6' 30" 




5=191 


C=102 34 15 




A=41° 19' 15" 


c=316-3 


140. 


a= 17-25 


C= 27° 7' 15" 




c=10| or 10-75 


B=105 52 15 




A=47° 0' 30" 


6=22-69 


141. 


a=96 


6=73-98 




c=48 


B=49° 0' 




A=101°41' 


C=29 19 


142. 


c=376 „ 


C=91 43 




A=48° 3' 


a=279-7 




B=40° 14' 


6=243-0 


143. 


A=60^ 


C=48° 0' 




B=72° 


c=207-6 




a=242 


6=265-76 


144. 


a=2i 


C=88°2'40" 




A=43° 24' 10" 


6=3 




B=48 33 10 


c=4 



145. 


6=f 




a=i 




B=45° 10' 


146. 


A=20 10 




B=48 15 




a=i 


147. 


a=02 




A=ll°32'15'' 




C=78 27 45 


148. 


A=22 20 




B=49 27 30 




c=2i 



99 
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Am. A= 28^ 13' 
C=106 37 
c=l-013 
C=lll° 35' 
6= -541 
c=-6743 
B=90° 
c=09797 
6=1 

C=108° 12' 30" 
a=l 
b=2 

The Arribiguous Case, 

(43). When two sides and the angle opposite the less side 
are given, each of the quantities sought will have two distinct 
values. For suppose that, in the triangle ABC, the sides BC 
and AC and the angle A, opposite to the Use side BC, are 
given ; then, if BC be not perpendicular to AB, from C as a 

^ center, with radius CB, de- 

yv \ scribe an arc cutting AB in 

y^ / \ another point B^, and join 

y^ / \ CB|; it is manifest that 

y^ / \ there will be iMX> triangles, 

ACB and ACBj, having the 
sides AC, CB, and angle A, 
in one triangle, and the sides AC, CB^, and angle A, in the 
other, of the same magnitude, while the remaining parts are 
different. Hence it is evident that when such parts of a 
plane triangle are given, the results will admit of two different 
values. This may also be shown by considering that the angle 
ABC or ABjC is found by the formula a\h \\ sin. A : mi, B, 
or a : 6 : : sin. A : sin. AB^C j therefore the sines of the angles 
B and ABjC have the same numerical value (each being 

=— ^ '■ — "N : they are consequently the suppiemerits of each 

a / 
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other. This also appears from the above figure; for since 
CB=CBi, the angles B and CB^B are equal; therefore ABjC? 
the supplement of CB^B, is also the supplement of B. To 
find these two results we must, therefore, proceed as follows : 
Having foundthe acute angle ^ c >vC 

B by the rule, subtract it 
from 180° for the angle AB^C 
in the other triangle ; the re- 
maining angles ACB, ACBj, ^ 
and sides AB, ABj, may then be found in the usual manner. 




EXAMPLE. 

In the triangle ABC, or AB^C, given a=:232, 6=345, and 
A=37° 20' ; to find the other parts. 



Calculation of cmgle B. 

a : & : : sin. A : fdn. B 

log. 6 .... 2-537819 

log. sin. A 9-782796 

12-320615 
log. a 2-365488 

log. sin. B 9-955127 

First solution, B=64° 24' 



There are two solutions. 

In the first, 

B=64° 24' 

in the second, 

Bi=115°36' 



Second solution, Bi=115° 36' 



Calculation ofa/ngle C. 

C=180°-A-B 
A= 37° 20' 
B= 64 24 



101 44 

180 

.•.C=''78~T6 



Calculation ofa/ngle C. 

C=180°-A-.Bi 
A= 37° 20' 
B^=115 36 

152 56 
180 

.•.C= 27 4 
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Cotlcykdium of side c. CcUcuIatixm of side c, 

e:a :: sin. C : sin. A c:a: : sin. C : sin. A 

log. a 2-365488 log. a 2-365488 

log. sin. C . . 9-990829 log. sin. C . . 9-658037 

12356317 12023525 

log. sin. A . . 9-782796 log. sin. A . . 9*782796 

log. c 2-573521 log. c ...... 2-240729 

. -.0=374-6 .•,c=17407 

EXAMPLES. 

Find the other parts of the triangle ABC, having given : 

149. a=178-3 Ans. A= 54° 2', or 125° 58' 
6=145 C=84 48, or 12 52 

B=41° 10' c=219-32, or 49-05 

150. a=2597-84 „ B= 80° 39' 45", or 99° 20' 15" 
6=3084-33 C=43 7 30, or 24 27 

A=56° 12' 45" c=2136-7, or 1293-7 

EULE III. 

Two sides cmd the indvded cmgle hemg given, to find the 
remaining angles. 

Subtract the given angle from 180°, and thus find the sup- 
plement : divide the supplement by 2. Put down the two 
given sides, and take their sum and difference. 

To the log. tangent of half the supplement of the given 
angle, add the log. of the difference of the given sides ; and 
from the result subtract the log. of the smn of the given sides; 
the remainder will be the log. tangent of half the difference of 
the required angles : which take from the tables. 

To half the supplement of the given angle, add half the 
difference of required angles just found, and the sum will be 
the greater of the two angles required. To find the less of the 
two required angles, svhtract the half difference. 

Note. This case is usually worked by expressing the above 
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rale in the form of a proportion : thus, if a, 6, and C be the 
given quantities, then (Fart II.) 

a+b : a— 6 : : tan. ^ (A + B) : tan. i (A— B). 
The first three terms in this proportion are known ; for half 
the sum of the required angles, or J (A + B)=| (180°— C) 
(the half supplement of given angle) : hence the fourth term 
is easily found, which gives us half the difference of the re- 
quired angles. The sum of the half sum and half difference 
of the required angles will be the angle opposite the greater 
of the two given sides ; and their difference will be the less 
Imgle. A 

feXAMPLBS. 

Given a =798, 6 = 460, 
and C=55° 2' 15": required 
the angles A and B. 

a+6 : a—b : : tan. | (A+B) : tan, j (A— B) 

log. tan. J (A+B) 10-283138 
log. (a-6) . • 2-528917 

12-812055 
log. (a+6) .. 3-099681 

log. tan. i (A— B) 9-712374 
.•.iA-iB=27°16'45" 
andiA+iB=62 28 52 

.-. A=89 45 37 
andB=35 12 7 

Find the other two angles of the triangle ABC, having 
given: 

151. a=399 Ans. A=89°45'37" 
6=230 B=35 12 7 

• C=55° 2' 15" 

152. 6=64 „ B=52 54 30 
c=70 C=60 45 

A=66^ 20' 30" 



a •• 


798 




6 .. 


460 




a+6 .. 


1258 




o— 6 .. 


338 




180° 


0' 0" 




55 


2 15 . 


. C 


2) 124 57 45 . 


. A+B 


62 


28 52 .. 


i (A+B) 
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153. a=512 Am. A=54° 8' IF 

6=627 B=82 58 11 

C=42° 53' 38" 

KuLE IV. — First Method, using Haversines.* 
Given two sides and the included angle, to find the third side. 

Add together 10602060, log. haversine of given angle, 
and logarithm of each given side : take half the sum, from 
which subtract log. of difference of the given sides. Look in 
the tables for the remainder as a log. tangent, and take out 
the corresponding log. sine, which subtract from the half sum 
just used. The remainder will be the log. of the required side. 

Note. When the half sum is first found, write it down 
again a little to the right hand, for the convenience of placing 
under it the log. sine to be subtracted. 

EXAMPLES. A 

In the triangle ABC, given o=20, 
c=30, and B=100°: required 6. 

constant log. 10*602060 

log. hav. B.. 9-768508 

a.. 20 .log. a 1301030 

C..30, log. c 1-477121 

a-c.ib 2)23-148719 

11-574359 11-574359 

log. (a-c) .. 1-000000 

log. tan 10-574359 log. sin. . . 9*985104 

log. 6 . . . . 1-589355 
5=38-84 

* If the student have no table of haversines, he may work the ex- 
amples in this rule by finding, in the first place, the two other angles 
by Hule ILL, and then the required side by Bule II. ; or he may pro- 
ceed as follows : Instead of using log. haversine, as directed in the rule, 
take out twice the log. sine of half the given angle, and reject the 10 in 
the index of the constant log., then proceed as in the above rule ; or 
he may find the side required by the next method. 




PLANB TRIGONOMETRY. 49 

Rule IV.— Second Method^ without Haversines. 

Given tux> sides and the included angle, to find the third side. 

Add together the two given sides^ and also subtract them : 
thus find their sum and difference. Put down also half the 
given angle. 

Under heads (1) and (2) write down the following logar- 
ithms. 

Under (1) and (2) the log. sum of given sides. 

Under (1) the log. difference of given sides. 

Take the difference of the logs, under (1). Again, under 
(1) put the log. tangent of half the given angle; under (2) 
put the log. sine of half the given angle. 

Add together the two logarithms under (2), and also the 
last two logarithms under (1). 

Look out the result under (1) as a log. tangent, and take 
out the log. sine corresponding thereto, which subtract from 
the log. under (2). The result will be log. of required side. 

example. 

In the plane triangle ABC, given a=l78, 5=145, and 
0=84° 48' : required the third side c. 

[1]. [2]. 

a.. 178 log. (a +6) ..2-509203 log. (a +6) ..2-509203 

b . .^45 log. (a-b) .. 1-518514 log. sin. | C . .9-828855 

a+6..323 difference .. .0-990689 sum 12-338058 

a— 6 ..33 log. tan. ^C. 9-960530 log, sin, arc. . 9-997299 

iC=42°24' log.tan.arc . 10-951219 log. c 2-340759 

.•.sidec=219-2 

Find the third side in the following examples : 

154. a=798 
6=460 

0=55° 2' 16" Ans. c=654 

155. c=48 

a=96 . 

B=49°0' „ 6=73 98 

B 
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156. 


a= 


=512 






6= 


= 627 






C= 


=42° 53' 


38" 


157. 


5= 


=2 






c= 


=2i 






A= 


=22° 20' 


0" 



Ana, c=430 



V 



a=l 



lUGHT-ANGLED TRIANGLGS. 

Eight-angled triangles may be solved by the rules aireadj 
given ; but the easiest way is to make use of the trigonome- 
trical ratios or definitions for the sine, tangent, &c. given in 
Art. (5), p. 3, as in the following rule. 

JUght-a/ngled Plane Tricmglea, 

Select that expression or ratio in p. 3 which contains 
the two known terms and also the term required, and when 
possible let the numerator of the r^tio or fraction selected be 
the part required. Eeduce it to tabular logarithms, by Art. 
(32), p. 28, and then find the value of the unknown term in 
the usual manner. See Ex. 122, p. 29. 



EXAMPLES. 

1. In the right-angled plane triangle ABC, given B^90°, 
^ a =42, and A =50® 10': required the other parts. 
Mark the given parts, namely A and a, with a 
stroke of the pen ; and if c is the part about to be 
found, mark it with a difierent character, as in 
-j-» the figure. Then 

[1]. To find c. 




c 



B 



By p. 3, ratio (cQ, -=cot. A, or c=a cot A 



a 



.*. log c=log. a 4- log. cot. A— 10 



-a 
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OaloulaHon o/e, 

a=42 log. a 1-623249 

A=50° 10' log. cot. A . . 9-921247 

log. c 1-544496 

.-. c=35 03 

[2]. To find b. c 

Draw tiie triangle again ; mark the given 
parts A and a with a stroke, and 5, the part re- 
quired, with a different mark as before : then by 

ratio (5), p. 3, - =co6ec. A, or 6=a cosec. A 

•*. log. 5=log. a+log; cosec. A— 10 a 

a=42 , log. a 1-623249 

A=50°10' , log. cosec. A 10-114689 

log. 6 1-737938 

,-. 6=54-7 

To find C : C=90°-A=39° 50' 

2, Given a=-02, c=01, and B=90° : required the other 
parts. Make a triangle ABC, right-angled at B (see last fig.) ; 
mark the given sides a and c with a stroke of the pen, mark 
also tibe part required with a different character. 

Let the part required be A. 










[1]. To find A. 








By 


p. 3, ratio (c), tan. A: 






• 
• 


.log. 


tan. A— 10=log. a— 


log. c 






or 


log. tan. A=10-|-log 
CcUcukUion, 


. a— log. € 


a= 


02 




log. a 


. 2-301030 


Cs: 


•1 




log. c 


10 

8-301030 
. 1-000000 



log. tan. A . . 9-301^30 
.•.A = in8'30" 
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[2]. To find side 5. 

b . 

By p. 3, ratio (e), -=sec. A 

c 

,\ h=c sec. A 

log. 6=log. c+log. sec. A— 10 

c=-l log. c Toooooo 

A = 1 r 18' 30" log. sec. A . . 10008514 

9-008514 
10 

log. h i-008514 

.•.6=-102 

To find B: B=90°~A=:78° 41' 30" 

When two sides of a right-angled triangle are given, the 
third may be found by the well-known property of right- 
angled plane triangles, namely, " the square of the side oppo- 
site the right angle is equal to the sum of the squares of the 
sides containing the right angle" (Euc. i. 47) : thus, in a 
triangle ABC, right-angled at C, a^-\-b^=zc?; and if a=-02, 
and 6=*1, we have 

c2=(-02)2-|-(-l)^, or c= V-0104=-102 nearly. 
If one of the given sides is the hypothenuse, this method of 
finding the third side may be simplified: thus, in the above 
example, given c=*102, and a=*02; to find h. 

Since a^-\-lt^=i<p 
.'. 62=c2-a2-,(c-f.a) . (c-a)=-122 x •082=-010004 

.'. b='l nearly. 

Find the other parts of the right-angled triangle ABC, 
having given 

158. A=52° 38' 0" Ans, C=37° 22' 
6=45 a=35-76 
B=90° c=27-31 

159. A=:49° 14' „ C=40° 46' 

c=331 a=384 

B=90° 6=506-8 



PLANB TBIOONOMETBT. 53 

160. A=56° 29' 15" Ans. a=3555 

6=4264-3 c=2354 

B=90° C=33°30'45" 

161. A=4°44' „ c=8390 
a=694-73 6=8419 
B=90° C=85° 16' 

162. 6=-2 „ a=-1286 
A=40° c=-1532 
B=90° C=50° 

163. c=-04 „ a= 04767 
C=40^ 6= -06223 
B=90° A=50° 

164. a=1777-5 „ A=56° 29' 15" 
c=1177 C=33 30 45 
B=90° 6=2132-1 

Rule VI. 

Ttoo sides and the indvded cmgle hemg given, to find the 
a/rea. 

Add together the logarithms of the two given sides, and 
log. sine of the given angle ; the sum, rejecting 10 in the 
index, will be the logarithm of twice the required area. 

EXAMPLE, 

Given a=798, 6=460, and 0=55° 2' 15": required the 
area. 

log. a 2-902003 

log. 6 2-662758 

log. sin. C 9-913563 

log. 2 area * 5-478324 

.-.2 area 300832 

and area .... 150416 

165. Given a=245 yards, 6=760 yards, and C=60°: re- 
quired the area. Ans, 80627 square yards. 
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4 

Rule VII. 
Three ddeg of a plome Priomgle bdng given^ to find the a/rea* 

From half the sum of the three sides, suhtract each side 
separately. Add together the log. of the half sum and the 
logarithms of the three remainders. Half the result will he 
the logarithm of the area. 







EXAMPLE. 




166. ( 


Griven «= 


=798, 5= 


=460, and 


c=654: required the 


area. 










a . . 798 








log. 956 . . 2-980458 


6 . . 460 


956 


956 


956 


log. 158 .. 2-198657 


c .. 654 


798 


460 


654 


log. 496 . . 2-695482 


2)1912 


158 


496 


302 


log. 302 . . 2-480007 


956 






.'. area= 


2)10-354604 
=150418 5-177302 




1 67. In the trapezium ABCD, AB= 90 yards, 
BC=100yard8,CD=110yards, DA=120 yards, 
the diagonal BD= 178*8 yards: required the 
area of the trapezium. 

Am, 9768-7 square yards. 



/ 
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CHAPTER III. 

RtTLBS IK 8PHKRICAL TBIGOKOMETRT. 

Rule VIII. — First Method, using Haversines. 

Three sides of a spherical* triangle being given, to find an 
angle. 

Put down the two sides containing the required angle, 
and take the difference, under which put the third side ; take 
the sum and difference. 

Add together the log. cosecants of the two first terms in 
this form (rejecting the tens from the index), and the halvesf 
of the log. haversines of the two last terms. The result will 
he the log. haversine of the required angle. 

"RvLK VIII. — Second Method, without Haversines. 

Three sides of a spherical triam/gU being given, to find an 
angle. 

Put down the two sides containing the required angle, and 

* A spherical triangle is that part of the surface of a sphere which 
is bounded by arcs of three great circles, that is, three circles whose 
planeapass through the center of the sphere. 'The three arcs are the 
sides of the triangle ; and any one of its angles is the same as the incli- 
nation of the planes of the sides containing the angle. For other defi- 
nilioBS in Spherical Trigonometry, see Triyonometrjff Part 11. 

f With very little practice, the halves of the log. haversines may be 
taken out of the table by inspection. 
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take the difference ; under which put the third side : take the 
sum and difference^ and the half sum and half difference. 

Add together the log. cosecants of the two first terms in 

this form (rejecting the tens 
from the index), and the log. 
sines of the two last terms ; 
divide by 2, and look out the 
result as a log. sine ; the 
angle corresponding to which 
will be half the required 
^ angle. 

168. In the spherical triangle ABC, given a=124° 10' 0", 
h=Sr 0' 15", c=108° 40' 0": required the angle A. 

By First Metlhod. 

89° 0' 15" log. cosec 0-000066 

108 40 log. cosec * 0-023468 

19 39 45 i log. hav. S 4-978000 

12 4 10 \ log. hav. D 4-898018 

S . . 143 49 45 log. hav. A 9-899552 

D . . 104 30 15 .•: A=125° 6^' 45" 

By Second Metlwd, 

89° 0' 15" log. cosec 0-000066 

108 40 log. cosec 0023468 

19 39 45 log. sin. (i S) . . . , . . 9-978000 

124 10 log. sin. (ID) 9-898018 

S . . 143 49 45 2) 19-89955 2 

D . . 104 30 15 log. sin. \ A.. 9 -949776 

|S . . 71 54 52 •• . i A= 62° 58' 15" 

ID .. 52 15 7 2 

and A= 1:^6 56 30 

EXAMPLES. 

I 

Find the three angles of the spherical triangle ABC, 
having given : 
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169. . a= 49° 10' 0" Am. A= 59° 2' 0" 

6= 58 25 B= 74 54 

c= 56 42 C= 71 18 30 

170. a=119 42 20 „ A=115 38 45 
6=108 4 18 . B= 99 21 15 
c= 68 53 42 C= 75 31 30 

171. a= 87 10 15 „ A= 81 24 
6= 62 36 45 B= 61 31 15 
c=100 10 15 C=102 59 

Rule IX. — Fibst Method, using Havebsines. 

Tvx) sides and the included angle being given, to Jmd tlie 
remaining side. 

Add together 6*301030, the log. sines of the given sides, 
and log. haversine of given angle ; reject 30 from the index 
of the sum, and take out the natural number of the resulting 
. logarithm. To this natural number add the natural versipe 
of the difference of the given sides ; the sum will be the na- 
tural versine of the required side, which find from the tables. 

Rule IX. — Second Method, without Haversines. 

Tvx> sides amd the inckbded angle bemg given, to find the 
remavnvng side. 

Add together 6'301030, the log, sines of the given sides, 
and twice the log. sine of half the given angle, rejecting 40 
from the index of the sum ; and take out the natural number 
of the resulting logarithm. To this natural number add the 
natural versine of the difference of the given sides ; the sum 
will be the natural verdine of the required side, which find 
from the tables. 

Rule IX. — Third Method (requiring only the Common 

Table of Sines, <fec.). 

Given two sides and the included angle, to find the third side. 

Take the difference. between. the two given sides: divide 
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it by 2, and thus get 4ialf the difference of given sides : find 
also half the given angle. 

Add together the iog. sines of the two given sides, and 
divide the result by 2, to which add the log. sine of half llie 
given angle. Gall this sum log. M. From log. M subtract 
log. sine of half the difference of given sides, and look in the 
tables for this result as a log. tangent ; and take out the cor- 
responding log. sine, which subtract from log. M. The re- 
mainder will be the log. sine of half the required side. 

Note. When log. M is first found, write it down again 
a little to the right hand, for the convenience of pUcing under 
it the log. sine to be subtnacted. 

EZAKPLB. 

In the spherical triangle ABC, given ^=119** 42' 20", 
6=108° 4' 18% and A=:75° 31' 3^'; required the rewahiing^ 
tide a. 

By First Method, 

const, log. . . 6-301030 

c=119°42' 20" .... log. sin. c .. 9-938818 

6= 108 4 18 .... „ sin. 6 .. 9-978031 

c-6= 11 38 2 .... „ hav. A.. 9-57405g 

log 5-791935 

nat. No 619349 

nat ver. {<j— 6) . . 20544 

natver. a 639893 

.•.a=68^53'36" 

By Second Method. 

confit. log. . . 6-301030 

c=119° 42' 20" k)g. gin. c .. 9-938818 

6= 108 4 18 .... ^ sin.6 .. 9-978031 

c-6= 11 38 2 „ sin.iA.. 9 787028 

iA= 37 45 45 „ sin.jA.. 9787028 

log. 5-791935 
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nat. No 619349 

nat. ver. (c-6) . . 20544 

nat. yer. a 639893 

.•.a=r68°53'36" 



By Third Method, 

5=108^ 4' 18" log.sin.5.. 9-978031 

<?== 1 19 42 20 log.Bin.c. .9938818 

2) 11 38 2 2 )19-916849 

1(6 -c) 5 49 1 ' 9 958424 

kg. 8m.^A. . 9-787028 

J A=r 37 45 45 log. M. . 19-745452 19745452 

log. Mii.J(5 ^ c) . . 9005805 

log. tan.,. 10-739647. log. sin... 9-99291 6 

log. sin.^.. 9-752536 

.•.ia=34°26'45" 
2 

.*.Eddea=68 53 30 



EXAMPLES. 

Find the third side of the spherical triangle ABC, haying 
given: 

172. A= 96^32' 0" 

6= 76 42 

e= 89 10 30 Afu. a= 96° ^ 57" 

173. A= 50 

5=r 70 45 10 

c=: 62 10 15 „ a= 46 19 32 

174. a=100 8 42 
6= 98 10 5 

C= 88 24 24 „ CSS 87 50 

175. 6=118 2 14 
c=120 18 33 

A=: 27 22 34 „ a= 23 57 9 
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176. a= 87' WIS" 
6= 62 36 45 
C=102 58 30 

177. a= 69 19 10 
6= 78 59 14 
C=110 48 42 



Am, r=100P 9*38" 



c=104 59 57 



Bulb X. 

Of two sides and the opposite angles, any three being given, 
to find the fourth. 

Write down a proportion baying for the two first terms 
the sines of the two sides concerned, and for the third term 
the sine of the angle opposite to tiie first side put down, and 
for the foorth term the sine of the angle opposite to the other 
side put down in the proportion. ^lark the term required, 
and proceed as in the corresponding role for plane triangles 
(p. 41). 

EXAMPLES. 

[1]- In the spherical triangle ABC, given a=70° 10' 30", 
6=80^ 5', and B=33° 15'; required the angle A. 
[2], 5=119° 42' 20", a=108° 4' 18", and A=99° 21' 30"; 
required B. 



8in.a : sin.& : : sin. A : sin. B 
log. sin. a . . . 



ii 



V 



9* 



sin. B 

sin. b 
sin. A 



9-973466 

9-739013 

19-712479 

9-993462 



sin. a : sin. b : : sin. A : sin. B 
log. sin. 5 . . . 



99 



99 



.... 9-719017 
A=3r 34' 30" 



j> 



sin. A . • 

sin. a . . 
sin. B.. 



9-938818 

9-994181 

19-932999 

9-978031 



9-954968 
B=180°-64°21'30" 
=115° 38' 30" 

In example [1], a being less than 5, A is less than B, and 
therefore A is less tlu^n 90°. 

In example [2], h being greater than a, B is greater than 
A, and therefore B is greater than 90° : hence the angle taken 
out of the tables must be subtracted from 180° to get B. 

Unless by some limitation of this kind it should be de- 
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termined that the required angle is less or greater than 90°, 
this rule is considered ambiguous. See corresponding rule 
for plane triangles (p. 44). 

Rule XT. 

Two sides and the included cmgle being given, to find the 
other two angles. 

Take the sum and difference of the two given sides, and 
the half sum and half difference, and also half the given angle. 
Under heads [1] and [2], put down the following log- 
arithms : 

Under [1] and [2], log. cot. of half the given angle. 
Under [1], log. cosec. "1 of half the sum of the given sides 
Under [2], log. sec. J (rejecting 10 in each index). 
Under [1], log. sin. "| 
■ Under [2], log. cos. / ^^^^^*^« difference of given sides. 

Add together the logarithms under [1] and [2], and (rejecting 
10 from each index) the results will be the log. tangents of 
half the difference and half the sum of the required angles 
respectively, which take from the tables (a). 

The sum of the two arcs thus found will be the angle op- 
posite to the greater of the given sides ; and their difference 
will be the angle opposite to the less of the given sides. 

(a) Note. If half the sum of the given sides be greater 
than 90°, half the sum of the required angles will also be 
greater than 90° : in this case, the arc found as above imder 
[2] must be subtracted from 180° to get half the sum of the 
required angles. 

El^AMPLE. 

178. In the spherical triangle ABC, given a=:124° 10', 
6=89° 0' 15", C=112° r 30" : required the other two angles, 
A and B. 

a=124°10' 0" ' C=112° 1' 30" 

b=i 89 15 .'.iC=_56_0_45 

a-|-5=213 10 15 i (a+6) = 106 35 7 

a-6= 35 9 45 4 («-&)= 17 34 52 
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CI]- 

cot.|C......... 9-828783 

coseai(a+6).. 0-018455 

sin. i(a-6) 9-480090 

tan. i(A-B) .. 9-327328 
.•.i(A-.B).. 11^59' 45" 



[2]. 

cot. i C 9-828783 

sec. ^ (a +5) .• 0-544480 
COS. I (a-6) • . 9-979225 

tan. arc 10-352488 

.-.arc .. 66° 3' 0"* 

180 ^ 

...i(A+B) .. 113 57 

and I (A-B) . . 11 59 45 

.-. A=125 56 45 

B=101 57 15 

179. Given6=89°0'15",c=108°40',andA= 125^56' 45"; 
to find the angles B and C. 

Ans. B=101° 57' 15", C=112° 2'. 

I 

^ Examples to this and the following rule are easily formed 
out of those already given ; as Ex. 169, &o. 

Rule XXL 

Given two angk$ a/ndthe included side, to find the other two 
Mes, 

Take the sum and difference of the two given angles, and 
the half sum and half difference, and also half the given side. 
Under heads [1] and [2] put down the following logar- 
ithms: 

Under [1] and [2], log. tan. of half the given side. 
Undw [1], log. cosec. 1 of half the sum of the given angles 
Under [2], log. sec. J (rejecting 10 in each index). 

Under [1], log. sin. ) -,,-,,.«, - . 

Under [2], log, cos. T^ ^^ *^® difference of given angles. 

Add together logarithms under [1] and [2], and (rejecting 10 
in each index) the results will be log. tangents of half the dif- 
ference and half the sum of required sides respectively (a). 
The sum of the two arcs will be the side opposite the greater 

* The are 66° S' is subtraoted from 180°, because the sitai of the 
sides a and b is greater than 180°. (See note, p. 61.) 
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of the g^'rea angles, and their difference will be the side oppo- 
site to the less of the given angles. 

(a) Note. If half the sum of the given angles exceed 90^, 
the arc taken out under [2] must be subtracted from 180°, to 
give half the sum of the required sides. 

EXAMPLE. 

1 80. In the spherical triangle ABC, given A= 1 1 3** 33' 30", 
B=z5r 30' 20", and c=60° 18' 4"; required the other two 
sides. 



A= 113^ 33' 30" 
B=; 5\ 30 20 
A4-B=165 3 60 
A-B= 62 3 10 

tan. J c 9-764070 

cosec. i (A+B) 0-003700 
sin.i(A-B).. 9-712173 
tan.i(a-6).. 9-479943 
iia-'b) 16^48' 



e 



c=60°18' 4" 
.-. Jc=30 9 2 



|(A+B)=82 31 55 
J(A-B)=3I 1 35 

[2]. 
tan. J c 9-764070 

sec. i(A-|.B) 0-886220 

COS. i (A-B) 9-932952 

tan. i (a +6). 10-583:^42 

i{a+h) .... 75° 22' 

i(a-6) .... 16 48 



a=92 10 
6=58 34 



Rule XIII. 



RIGH1VAKOLED SPHERICAL TRIANGLES. 

In a right-angled spherical triangle ABC, A being the 
right angle, the two sides 6 and c, and the com- 
fiUmenU* of the three other parts, namely co. a, 
«o. B, and co. C, are called the five circular 
paHs. "By the following rules, called, from the 
name of their author, Napier^s Rutes^ two of 
these parts being given, any one of the other 
three may be found. 

In applying the rules^ we must select one of 
the three parts concerned, such, that the other 

* The complement uf an angle is what it wants of 90° ; thos, in the 
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two may either be both adjacent to it, or both separate from it. 
The part so selected is called the middle part. Rule A will 
apply to the former case, Eule B to the latter. 

Rule A. 

The sine of the middle part is equal to the product of the 
tangents of the two parts adjacent to it. 

Rule B. 

The sine of the middle part is equal to the product of the 
cosines of the two parts opposite to, or separated from it. 

Having written down the equation according to the case, 
make a dash under the part required, and determine its mag- 
nitude by applying the proper signs (-|- or — ) to each term 
(Rule XV. p. 31). 

EXAMPLES. 

In a right-angled spherical triangle ABC, given 5 = 
74° 19' 30", c=38° 56', and A=90°; required the other three 
parts. 

Make a triangle for each of the three required parts, and 




P right-angled triangle PNC 
(Ist fig.), the angle P, or 
90°— A, is the complement of 
the angle A. It may easily be 
proved that the sin., tan.$ sec., 
COS., cot, and cosec. of an 
angle are the cos., cot, cosec., 
sin., tan., and sec. of its com- 
plement respectiyely. Thus, 

let the two triangles CPN be equal to each other in every respect, then 

P is the complement of A, or co. A. 

PN 
Now [Art (5), p. 3] sin. A=^=cos. (9(f-A)=cos. co. A 

PN 
tan. A=j^n5=cot. (90°— A) = cot. co. A, &c. 

Hence, in the above rules, sin. A is substituted for feos. co. A ; cos. A 
for sin. co. A ; cot A for tan. co. A, &c. (See Part II.) 
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mark the two given parts and the unknown part as directed 
(p. 42), and then consider which i. c 2. c s. c 

of the three is the middle part, j\ U j\ 

and whether the other two marked 
parts are adjacent, or opposite 
parts. 

Thus in ^g. 1, to find B, the right angle A not being 
considered as a part, c will be the middle part, and comple- 
ment B and b arc the adjac&nJt parts. 

.'.By Rule A, sin. c=tan. co. B . tan. h 
or sin. c=cot. B . tan. h 
(since tan. co. B=cot. B by note, p. 64); and determining 
the sign of B by Eule XV. p. 31, we have 

+ + + 

sin. c=cot. B . tan. h 

In logarithms, 

log. sin. c— 10=log. cot. B— 10+log. tan. 5—10 
whence log. cot. B=log. sin. c+10— log. tan. h 

Calculation, 

6=74° 19' 30" log. sin. c+10 ... . 19798247 

c=38 5% „ tan. 6 10 551887 

„ cot. B 9-246360 

.-. B=80° 

In ^g. 2, to find C. Marking the figure in the usual 
manner, we see that h is the middle part, and c and C the ad- 
jacent parts. 

.'.By Rule A, Calculaiion, 

sin. 6=tan. c . tan. co. C log. sin. 5 + 10 . . 19*983540 

+ + + „ tan. c 9-907336 

or sin. 5=tan. c . cot. C „ cot. C 10-076204 

.-.0=40° 

In ^^, 3, to find a. In this case a is the middle part, and 
6 and c are the parts separated from it. 
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•'•By Rule B, CakuUiMon, 

sin. CO. a=co8. h. cos. c log. cos. h 9*431654 

+ + + „ COS. c 9-890911 

or COS. a=cos. h, cos. c log. cos. a (rejecting 10) 9*322565 

.•.a=77°52' 

8- c Given A= 90°, B 

y^b =78° 10', and C= 
131° 32' 45"; to find 
the other parts. 

To find a (fig. 1). To find h (fig. 2). To find c (fig. 3). 

- + — + + + -. + - 

COS. a=scot. B . cot. C cos. Bas cos. h . sin. C cos. C»sin. B . co8.c 

log. cot. B . 9*321222 cos. B+ 10 . 19*311893 cos. C+ 10 . 19*821657 
„ cot.C . 9*947508 sin. C . . . . 9*874148 sin. B . . . 9*990671 




„ COS. a . 9-268730 cos. b , , , , 9 437745 cos. c . . . 9830986 
79°I8'0" .•.6=^74° 5' 45" 47*» 20^ 80" 

180 180 

.*.a»100 42 .*.cb132 39 30 

In a right-angled spherical triangle ABC, find the other 
parts, having given : 

181. Brr 72° 19' 0" Ana. a= 54° 28' 0" 

c= 23 2 15 
C= 28 45 

182. 6= eo 10 „ B= 60 32 45 

0= 98 41 45 
a= 94 57 15 

183. B=100 „ a= 90 30 



Brr 72° 19' 


0" 


6= 50 50 





A= 90 





6= eo 10 





e=:100 





A= 90 





B=100 





C= 87 10 





A= 90 





c= 46 18 


23 


B= 34 27 30 


A= 90 





c=118 21 


4 


A= 23 40 


12 


B= 90 






5=100 45 

c= 87 7 15 

184. c= 46 18 23 „ 5= 26 23 15 



w 



a= 51 46 15 

C= 66 59 30 

185. c=118 21 4 „ 6=116 18 

C=100 59 30 
•as 21 5 45 
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186. a= 



187. <j= 



a=100^42' 0" 




Ans. 


C=131°32'45" 


B= 78 10 






c=132 39 30 


A= 90 


■ 




5= 74 5 45 


<j= 53 14 20 




\ " 


6= 91 4 15 


A= 91 25 58 




> 


C= 53 15 


B= 90 


Bulk XIV. 




«:= 91 47 15 



QTJADBANTAL SPHERICAL TRIANGLES. 

A spherical triangle having one side 90^ is called a quad- 
rcmtal triangle. 

The five circular parts in a quadrantal triangle are the two 
angles adjacent to the quadrant, and the 
complements of the other three ; thus, if 
ABC be a quadrantal triangle, the side a 
being 90**, the five circular parts are the 
angles B and C, and the complements of 
the angle A and of the sides b and c. 

Any two of these parts being given, a 
third may be found by the preceding rules 
for right-angled triangles (p. 64). 

The magnitude (whether greater or less than 90^ of the 
part required is determined by Kule XV. p. 31, observing, that 
u^ien ttco angles or ivx> -sides come together on the somve side of 
ike equation, the sign — must be placed before them, and the 
three signs thus placed on one side of the equation must be 
made to produce the same result (positive or negative) as the 
sign of the other side. 



B 




EXAMPLES. 



In the quadrantal triangle 
ABC, given B = 80° 10', C = 
48° 50', and a=90°i find the 
other parts. 
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To find A (fig. 1). To find h (fig. 2). To find c (fig. 3). 



— + + 

COS. A =3 —COS. B , COS. C 

log. COS. B . 9*232444 
COS. C . 9-818392 
COS. A . 9*0.50836 
83® 32' 45" 
180 
A=96 27 15 



** 



n 



+ + + + + + 

sin. C — tan. B . cot. 5 sin. B = tan. C . cot.c 

sin. C+10. 19-876678 sin. B+ 10. 19*993572 

tan. B ... 10-7611^8 tan. C . . . 10058287 

cot 6 ... . 9*115560 cot. c . . . 9*935285 

6r=82** 34' c«49° 15' 51" 



In a quadrantal ^spherical triangle ABC, find tHe other 
parts, having given : 



188. 



189. 



190. 



191. 



192. 



a= 90° 0' 0" 

A=100 

c= 50 10 

'b= 45 

c= 72 

a= 90 

5= 90 

a=100 
c= 







82 10 30 
a= 90 
B= 80 10 
C= 50 2 
A= 72 49 45 
6= 47 44 30 
a= 90 

193. c= 49 23 45 
5= 76 41 
a= 90 

194. a= 60 10 15 
6= 80 20 30 
c= 90 



Ans, 



99 



99 



» 



99 



»l 



?9 



B= 


740 


36' 30" 


6= 


78 


14 30 


0= 


49 


8 





A= 


107 


10 


15 


6= 


47 44 30 


C= 


65 


19 


15 


B= 


88 36 45 


A= 


100 


5 45 


C= 


82 


3 


15 


A= 


96 


17 


45 


b= 


82 26 





c= 


50 27 





C= 


114 


40 


45 


B=, 


,44 59 


45 


C^3Z 


108 








A= 


101 


42 


15 


B= 


72 20 30 


0= 


48 


1 


50 


A= 


59 


41 


45 


B= 


78 51 





0= 


95 


36 
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:?XAMINATION PAPERS IN PRECEDING BULES. 

I. 

195. Required the product of 18 x 48 x 6-2 x 4 

Ans. 21427 

196. Divide 236 by 161 „ 14 66 

197. Required the 3d power of 12-5 „ 1953-125 

198. ;, 4th power of -076543 „ -000034326 

199. „ 6th root of 11078 „ 472146 

200. „ 7th root of -098674 „ -7183146 

201. „ value of (19)* „ 3-247 

202. „ value of x in the following proportion : 

24 : 17-5 : : 79 : 0? Ans, x=57'60^ 

203. Reduce the following expression to logarithms : 

«=-— r Ans, log. 05=2 log. a+log. 6— log. c— log. d 

204. Find the value of a; in the following equation: 
2»=769. Ans, a?= 9-5868 

205. The first term of a geometrical series is 2, its com- 
mon ratio 3, and number of terms 8 ; find the sum. 

Ans. S=6560 

206. If 400^. be placed out at compound interest for nine 
jears^ at 4^. per cent per annum, required its amount. 

Ans, 5691, 6s. Sd. 
II. 

207. In the plane triangle ABC, given a=10, 6=15, and 
(j=20; required the angle A. Ans. A=28° 57' 15" 

208. In the plane triangle ABC, given a=25125, 5= 12}, 
and A=68** 48'; to find B. Ans. B=27° 38' 15" 

209. Given a=399, 5=230, and C=55° 2' 15"; required 
the angle A. Ans, A= 89° 45' 37" 

210. Given a=40, 6=60, and C=100®; required c, 

Ans, c=77'68 

211. In the right-angled triangle ABC, given B=90°, 
a=210, and A=50° 10'; required the other parts. 

Ans. C=39*> 50', c=1751, 6=2735 
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212. Given a=399, 5=230, andC=124*» 5T 4t5"; re- 
quired the area. Ans. 37604 

213. Given a=399, 5=230, and c=327; required the 
area. Ana. 37604-7 

214. Give definitions of the sine, cosine, tangent, cotan- 
gent, secant, cosecant, and versine of an angle. 

in. 

215. In the spherical triangle ABC, given a=120°54', 
6=105^ 6', and c=108° 41' 30"; required the angles A, F, 
and C. Am. A=130^ 50', B=121° 35', and C=123° 18^ 

216. In the spherical triangle ABC, given a=64° 21' 15", 
5= 80^ 38' 45'', and c= 104° 28' 30" ; required the angles A, B, 
and C. 

Am, A=60° ir 45", B=7r 55' 45", and C=lir 6^15" 

217. Given a=87° 10' 15", c=100° 10' 15", and B= 
61° 31' 15"; required 5. Am. h=62'' 3ff 45" 

218. Given a=Sr 10', A=8r 24', and 5=62° 36' 45"; 
required B, Am. B=62°4r 

219. Given a=49° 10', 5=58° 25', and C=71° 18' 30"; 
required the angles A and B. Am. A=59° 2', B=74° 54' 

220. Given a=87° 10' 15", c=100° 10' 15", and B= 
61° 31' 15"; required the angles A and C. 

Ans. A=81° 24', C=102^59' 

221. Given A=59° 2', B=74° 54', and c=56° 42'; re- 
quired the sides a and 5. Am. a=49° 10', 5=58° 25' 

222. Given A=115° 38' 45", C=75° 11' 30", and 5= 
108° 4' 15"; required the sides a and c. 

Am. a=119^ 42' 15", <?=:68° 53^ 45" 



IV. 

223. In the right-angled spherical triangle ABC, given 
B=60° 32' 15", a=94° 57' 20", and A=90°; required the 
other parts. Am. C=98° 41' 45", c=100°, 5=60° 10' 

224. Given (»=77° 52' 10", 6=74° 19' 30", and A«90°; 
to find the other parte. 

4w. 0=38° 56' 24", B=80°, C=40° 
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225. In the quadrantal triangle ABC, given a=90°, 
B=74*> 36' 30", and c=50« 10'; required the other parts. 

Ans. A=100° 6=78° 14' 25", 0=49° 8' 15" 

226. Given a=90°, A = 96° 17' 52", 6=82° 26^; required 
the other parts. Ans. B=80° 10', C=50° 2', c=50° 27' 

V. 

227. Required the product of 2*4 x 0035 x 108 x 1. 

Ana. -0009072 

228. Divide 95 by -36. Ans. 26-389 

229. Find the value of ^-^x -0769x00683 

59-8 X -0000146 x 0039 

Am, 1295-71 

230. Find the 3d power of -2321 and the 72d power of 
•96797. Ans. 0125 and -096 

231. Required the 200th root of 0063241. Ans. -975 

232. Required the value of •^•6958825. Ans. -00563 

233. Required the value of the following expression : 

. /^•096-h(-096)72 ^^^^ 

^— ^ ~ Ans, -29904 

234. In the plane triangle ABC, given a=J, 5= -2705, 
and c=-3375 ; required the angle G. Ans. C=lll° 47' 45" 

235. In the plane triangle ABC, given a=116, 6=172-5, 
and A=37° 20'; to find B. Ans. B=64° 24', or 115° 36' 

236. In the plane triangle ABC, given a=-512, 6= -627, 
and C=42° 53' 38"; required the angles A and B. 

Ans. A=54° 8' 11", B=82° 58' 11" 

237. Given 6= -2, c=i'25, and A=22^ 20'; required the 
third side a. Ans, a='l 

238. In the right-angled plane triangle ABC, given az^ 
177 J, c= 117-7, and B=90°; required the side b. 

Ans. 6=213-21 

239. In the trapezium ABCD (fig. p. 54), given the side 
AB=;90 yards, BC=100 yards, CD=110 yards, DA«120 
yardsy and the angle DAB=116°; required the area. 

Am. Area= 9768-7 yardft. 
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CHAPTER IV. 

PROBLEMS IN ASTRONOMY, SURYEYINO, AND NAYIGATIOK. 

AppluxUian of the Rules and FormuUje in Plane and 
Spherical Trigonometry, 

(44). When a line joining any two points in space is 
accessible throughout its whole extent, it may in general be 
measured by the successive application of some line of a known 
length ; but when it is inaccessible, or cannot be directly 
measured, we may obtain its length by considering it the aide 
^a triM\gle^ if we already know, or can find by observation, 
a sufficient number of parts of that triangle to enable ns to 
apply one or more of the preceding rules. It is thus that the 
mensuration of inaccessible lines of any length is found by 
means of that of accessible lines and angles. 

The angle DOC, contained by lines drawn from a point 

D O to two remote objects 
C and D, may be mea- 
sured by pladng a cirde 
in the plane p^«n«g 
throogh the two objects^ 
^ and having its ooiter at 
tiie angular point O. Hie strtight edge of a mler beii^ then 
plaoed on the circle so as to pass thixn:^ its oent«r, and, by 
means of sights placed over it dirMsted first to one object and 
t^en to the other, the are AB of the dxtnmimnoe between 
tike two positions of the rokr osn be found ; this is the mea- 
mett of the ai^le O. 

{%Sy IW prindpil ingtnnnents for measuxTDg angles are 
dkie IhecMS^ and iieztaiit. A llioodoHte is the most oonve- 
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it is composed of two circles having their planes perpendicular 
to each other. When the instrument is used, one of the cir- 
cles is placed in a horizontal plane, by means of levels ; on 
this circle horizontal angles are measured ; on the other are 
measured vertical angles, whether of elevation or depression 
(that is, whether the object is above or below the horizontal 
line). A Sextant is employed to measure angles contained in 
any plane whatever. It is more suited for observing angular 
distances of heavenly bodies than the theodolite ; but the 
latter is better adapted for Surveying than the former, since 
it determines the horizontal angles at once ; but those ob- 
served with the sextant must, when out of the plane of the 
horizon, be reduced to that plane by calculation, to suit them 
to the purposes of the survey. 

We will not stop to give particular descriptions of the 
theodolite and sextant : their construction will be best learned 
by a careful study of the instruments themselves ; we shall 
therefore suppose the manner of adjusting and applying them 
to practice is known, and proceed to give a collection of pro- 
blems in which these instruments have supplied for the most 
part the necessary data. 

Section I. 
Prohlema m Swrveying, ike. 

The rules of Plane Trigonometry just given will enable us 
to solve many useful and interesting problems in Surveying 
and Navigation. A large collection of these will be found at 
the end of the book ; they have been selected to serve as an 
introduction to Navigation and Nautical Astronomy. We 
will give, however, in this place a few that most frequently 
occur in practice, with their solutions at length ; and as it is 
often very necessary that a naval student should know how to 
solve trigonometrical problems, not only by logarithms, but 
also imi/rumentdUyj that is, by constructing the figures mtK 
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the aid of mathematical instruments, we will make use of both 
methods when we come to aolve some of the problems in 
Navigation. 

1. Wishing to find the height of a tower, I observed the 
angle of elevation of its top above the level of my eye to be 
32^ 14'. I then measured the distance ab from the place of 
observation to the base of the tower, and found it to be 142 
feet. ]Etequired the height of the tower. 

Let CB represent the tower, and A the place of the ob- 
server: draw the horizontal line AJB at a height above the 
ground equal to the height of the eye, and join AC. Then in 



V— - 




the right-angled triangle ABC are given AB=142 feet, the 

angle CAB=32° 14', and the angle B=90; to find CB, the 

height of the tower above the horizontal line AB. 

CB 
By Rule, p. 50 p^=tan. A 

..•.CB=ABtan. A. 
AB=142 .-. log. CB=log. AB+log. tan. A-10 

A=32° 14' „ AB 2152288 

„ tan. A . . . . 10072690 

„ CB 2-224978 

.•.CB=167-9feet. 

* 

To the value of CB must be added the height of the eye Aa : 
the result will be the height of the tower required. 

2. Being on Southsea Common^ and wishing to find my 
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dvitaiioe from a ship afc anchor at Spithead^ I observed with a 
quadrant the angle between the ship and the steeple of St. 
Thoma8*B Church to be 72° 42'. I then walked 500 yards in 
ft direct line towards the church, and again took the angle 
betnf een the ship and the steeple, and found it to be 82° 45'. 
Required my distance from the ship at each observation. 

Let C be the ship at anchor, A my first station, B the 
second, and P the churcL Then the angle CAP=72° 42', 




:::k. 



A B F 

CBFs: 82° 45', and the fine AB=:500 yards, are given to find 
AC and EC, my distances at each observation. 

In the triangle ABC, theangle ABC=:180°-CBP=97° 15' 
.-. angle C=:180°--(72° 42'-f 97° 15')=10° 3'. 

(1.) To find BC. 

By Rule, p. 41, BC : AB : :gm. A : sin. C 

AB=500 log. AB 2-698970 

A=r2°42' „ sin. A.... 9-979895 

C=10 3 12-678865 

„ sin.C..,. 9-241814 

„ BC 3-437051 

•\ distance BC=2735 yards. 

(2.) To find AC. 
AC:AB::siii.ABC;sin. C 



t 
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AB=500 log. AB.,. 2-698970 

ABC=97°15' „ sin. ABC .. 9-996514 

C=10 3 12-695484 

„ sin. C 9-241814 

„ AC 3-453670 

• '• distance AC=2841 yards. 

3. Being ordered to place a target at 500 yards from the 
ship, and knowing that the height of the truck above the 
water-line was 213 feet, it is required to find what angle this 
height will subtend on mj sextant when I am at the required 
distance (before allowing for index correction). 

Let BG represent the ship's mast, A the required place of 

c 




A 



the target : then the angle BAC is the angle which must ^e 
read off on the sextant. 

In the right-angled triangle ABC are given the side BC= 
213 feet, AB=500 yards, or 1500 feet, and B=: 90°; to calcu- 
late the angle A. 

BC 
By Eule, p. 50, tan. A= j:^ 

BC= 213 .-.log. tan. A-10=log. BC— log. AB 

AB= 1500 or log. tan. A= 10 +log. BC -log. AB 

log. BC-h 10,.. -..12-328380 

AB 3-176091 

tan. A 9-152289 



5) 



)5 



.•.A=8°5' 

4. Sailing in company with another ship, and being ordered 
to keep at the distance of 500 yards from her, and knowing 
that the height of her mast above the hammock nettings was 
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198 feet^ it is required to find what angle on my sextant will 
indicate the proper distance. 

Let A and B be the two ships, A the place of the observer, 
and CAB the angle subtended by the mast CB at A. Then 




in the right-angled triangle CAB are given CB=198 feet, 

AB=1500 feet, and B=90°; to find the angle CAB. 

CB 
By Rule, p. 50, tan. A=-j^ 

CB= 198 /. log. tan. A-10=log. CB-log. AB 

AB= 1500 log. tan. A= 10 + log. CB-log. AB 

log. CB+10 12-296665 

„ AB 3176091 

„ tan. A 9120574 

.-. A=7°3r 15" 

5. Wishing to determine the height of a lighthouse C on 

c 




the summit of a cliff on the sea-shore, I observed the angle of 
elevation CAD of its top above the level sand to be 26° iO' : 
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I 



isken, tneMVLting on the sand in ^ direct line towards it a line 
AB=200 jards; I again observed the angle of elevation ^xts 
top, and found it to be SB"" 30'. Eeqoired the height CD of 
the lighthouse above the E^ore. 

(l.j In the triangle CAB are given AB=200, angle CAB 
= 26° 40', angle ABC=180°-33° 30'= 146° 30', and there- 
fore the remaining angle ACB=6° 50'; to find the side CK 

By Rule, p. 41, CB : AB : : sin. A : sin. ACB. ' 

AB=200 log. AB 2-301030 

A=26*»40' „ sin. A 9-652052 

ACB= 6 50 11-953082 

„ sin. ACB 9075480 

„ CB 2-877602 

.-.CB 2= 754-4 yards. 

(2.) In the right-angled triangle CBD are given log. CB 

=2-877602, angle CBD=33° 30', and D=90°; to find CD, 

the height of the lighthouse. 

CD 
By Rule, p. 50, ^^sin. CBD 

.•.CD=CBsin. CBD 
.•• log, CD=log. CB+log. sin. CBD-10 

log. CB 2-877602 

„ sin. CBD .... 9-741889 

12-619491 

10 

„ CD 2-619491 

.•.CD=416-3 yards. 

6. Standing in for the land, I observed the summit of a 
lofby mountain near the shore. I took the angle of ele- 
vation of the peak, and found it to be 12° 25'; after having 
run 3|- miles directly towards it, I again took the angle of 
elevation, which wm 30° 13'. Required the beiglit of the 
mountain, and its distance ^om tbe flcoond statkm. 
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Left CD represent the mountain, A the ship's place at the 
firtt observation, B the place at the second observation. Then, 
in the triangles CAB and CBD we have given the side 




AB=3-5 miles, the angle CAB=12° 25', and the angle 
CBD=30° 13'; to find the height of the mountain CD, and 
the distance DB from the station B. 



(1.) To find BC. 

In the triangle ABC, BC : AB : : sin. BAC : sin. ACB. 

AB=3-5 log. AB 0-544068 

BAC= 12° 25' „ sin. BAC .•..9-332478 

ACB=CBD-.BAC 
.•.CBD=30° 13' 
BAC=12 25 



)t 



9) 



9-876546 
sin. ACB ....9 485289 



w 



.•.ACB=17 48 



BC 0-391257 

.•.BC=2-46 miles. 



(2.) To find CD. 



CD 



In the right-angled Uiangle CBD, -^^=sin. CBD 



BC=2-46 
CBD =30° 13' 



. -.00=60. sin. CBD 

log. BC 0-391257 

„ sin. CBD . . 9-701802 

„ CD 0-093059 

.•.CD= 1-24 miles. 



(3.) To find DB. 

BD 
In the right-angled triangle CBD, :^=cos. CBD 

. -.60=60 .cos. CBD 
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BC=2-46 . log. BC 0-391257 

CBD=30M3' „ COS. CBD .. 9-936578 

„ BD: 0-327835 

.-. BD=2-13 miles. 

7. Wishing to know the distance between two ships at 
anchor at C and D, I measured on the shore a base line AB=: 
735 feet^ and with a sextant observed the following angles. 




At A, one end of the base, CAD=63° 30', and DAB=35° 10'; 
at B, the other end of the base, DBC=80° 16', and CBA= 
28° 20'. Required CD, the distance between the two ships. 

(1.) In triangle ACB, find AC. 

(2.) In triangle ABD, find AD. 

(3.) In triangle ACD, find CD. 

(1.) To find AC. 

In triangle ACB are given AB=735, CBA=28^ 20', 
CAB=63° 30' + 35° 10'= 98° 40', and therefore the remain- 
ing angle ACB=53° 
CBA= 28^ 20' AC : AB ': : sin. CBA : sin. ACB 

CAB= 98 40 log. AB 2-866287 

127 „ sin. CBA . . 9-676328 

180 12-542615 

ACB= 53 „ sin. ACB . . 9 902349 

AB=735 „ AC 2-640266 

.-. AC=436-8 
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(2.) To find AD. 

In the triangle ABD are given AB=735, DAB=:35° 10', 
ABD=28° 20' + 80° 16'= 108° 36', and therefore the remain- 
ing angle ADB=36° 14'. 

DAB=: 35° 10' AD : AB : : sin. ABD ; sin. ADB 

ABD= 108 36 

143 46 

180 
ADB= 36 14 
AB=735 



log. AB 2-866287 

„ sin. ABD .. 9976702 

12-842989 
„ sin. ADB . . 9-771643 



AD 3-Q71346 

.•.AD= 1178-5 



(3.) To find CD. 

In the triangle. ACD are given AC=436-8, AD= 1178-5, 
and the included angle CAD=63° 30'. 

By Kule IV. p. 49. 

AD 1178-5 

AC 436-8 



AD+AC .. 1615-3 
AD- AC. 741-7 



CAD 

• * • 5 L/ AD . • • 



. 63° 30' 
.31 45 



log. (AD+AC).. 3-208253 
„ (AD- AC).. 2-870226 

0-338027 
„ tan.^CAD.. 9791563 
„ tan. arc ....10129590 



[2.] 

log. (AD+AC).. 3-208253 
„ sin, i CAD.. 9-721162 

12-929415 
„ sin. arc .... 9-904757 
CD 3-024658 



99 



.-.CD =1058-5 



As the two following problems are of great use in Marine 
Surveying, we will solve them by logarithms, and also by a 
geometrical construction. In problem 98 of the volume of 
Astronomical Problems, an analytical solution of the same pro- 
blems is given. 

8. Wishing to determine the position of a sunken rock at the 

o 
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entrance of a bay, and the water being smooth, I anchored a boat 

upon it, and measured with a sex- 
tant the angles which three objeot?^ 
A; B, and C^ on the shore subtended 
at the boat. They were as follows : 
the angle between A and the ob- 
ject B to the right was 26° 27', and 
the angle between B and the object 
C to the right was 34° 12'. On 
my chart of the bay I carefully 
measured with compasses the dis- 
tances between the three objects, 
and found AB=5 miles, BG=6 
miles^and AC=7miles. Bequired 

the distance of the rock from each object. 

(1.) By Constnustum* 

/ By means of a scale of equal parts make the triangle ABC, 
having the side AB=5, BC=6, and AC =7. At the point C, 
on the side of AC &rthest from the boat, make the angle 
ACD=26° 27', the angle observed between the other two 
objects A and B; and at the point A, on the farthest side 
also from the boat, make the angle CAD =34° 12', the angle 
between the other two. objects Be and C : produce the sides* 
AD. and CD till they meet in D. Then describe a circle to 
pass through the three points A, D^ and C ; and the position 
of the rock will be somewhere in the circumference of that 
(»rcle. To find the place of the rock, join BD, and produce 
it to the circumference in G ; then G will be the station 
sought, or the position of the rock. 

For, the angles in the same segment of a drcle being equal 
(UticUd, b. iii.), therefore AGB=ACD=26° 27', and CGBw 
CAD =34° 12^; and these were the angles observed at the 
boat. Hence G must be the position of the boat ; and GA, 
GB, and GC measure respectively the distance of each point 
^m the rocks 
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(2.) By Trig<momet/ry, 

Assume any point G to be the position of the boat, and 
let A, B, and C be the objects on shore. Describe a circle 
passing through the three points A^ Qc, C. Join BG-, GA, and 
GC. Then GA, GB, and GC are the distances required. Draw 
AD, CD to the point of intersection D. Then, by Geometry, 
since the angles in the same segment of a circle are equal, 
.-. CAD=CGB=34° 12', and ACD=AGB=26° 27'. 

[1.] Find AD, having given in the triangle ADC the side 
AC=7, the angle ACD=26° 27', and ADC=180-(34° 12' 
-h2«°27')=119°21'. 

[2.] Find angle BAC, having given the three sides of the 
triangle ABC. 

[3.] Find angle ABD, having given AB, AD, and angle 
BAD (=BAC-.CAD). 

[4.] Find GA, GB> and angle BAG, having given in the 
triangle ABG the side AB and the angles AGB and ABG. 

[5.] Find GC, having given in the triangle AGC the 
'side AC, the angle AGC, and the angle CAG=(BAG- 
BAC). 



CaiUsuUUion, 

[1.] To find AD; [2.] 

AC : AD : : sin. ADC : sin. DCA 7 

AB=5 5 



AC=7 0-845098 

ADC=119°21' 9-648766 
DCA= 26 27 10-493864 

9-940338 
0-553526 
.•.AD= 3-577 



BC=6 2 
AC =7 6 

8 
4 
4 



To find ai^le BAC. 

9-154902 

9-301030 
0-602060 
0-301030 



9-359022 
BAC=57° 7' 15" 
CAD=34 12 



2.-.BAD=22 55 15 



[3.] To find angle ABD. 
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AB=5 




0-153205 


AD=3-577 




10-692995 


8-577 




10-846200 


1-423 




0-933335 


BAD= 22° 55' 15" 




9-912865 


180 




39° 17' 15" 


157 4 45 




78 32 22 


78 32 22 


ADB= 


117 49 37 




ABD= 


39 15 7 



[4.] To find GA, GB, and the angle BAG. 



AB=5 




AB : GA : : sin. AGB : sin. ABG 


AGB= 26° 27' 




AB : GB : : sin. AGB : sin. BAG 


ABG= 39 15 




0-698970 


0-698970 


65 42 




9-801201 


9-959711 


180 




10-500171 


10658681 


BAG=114 18 




9-648766 


9-648766 






0-851405 


1-009915 






GA= 7-103 


GB= 10-23 






[5.] To find GO. 








AC : GO : : sin. AGO : 


sin. GAG 


AC=7 




0-845098 




AGC= 60° 


39' 


9-924491 




BAG=114 


18 


10-769589 




BAC= 57 


7 


9-940338 




.-. CAG= 57 


11 


0-829251 
.•.GC=6-75 





9. Sailing in a deep and unknown bay, I suddenly found 
the soundings decrease ; and suspecting I was on a coral reef, 
I hauled off, having anchored a boat on it, from which the 
following angles were taken between three remarkable objects, 
A, B, and C, that appeared on the distant shores, namely : be- 
tween A and B, a high-pointed rock to the right of A, the 
angle was 116° 40' ; between B and C, a bluff summit to the 
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right of B, the angle was 112° 30'. I obtained afterwards the 
distances between the three points A, B, and C, by measuring 
on the shore convenient base lines^ and taking angles, as 
pointed out in Example, p. 80. The distance from A to B 
was 5'75 miles, from B to C 7*5 miles, and from A to C 8'25 
miles. It is required to find the position of the reef. 

(1.) Bi/ Construction, 

Construct the triangle ABC from the scale of equal parts, 
by takiog AB=5-75, BC=7-5, and . ^ 

AC=8-25. At the point C, in the 
straight line AG, make ACD= 63° 20', 
the supplement of the angle subtended 
by the other two points A and B. 
Again, at the point A, in the straight 
line AC, make CAD=67° 30', the 
supplement of the angle subtended by 
the other two points B and G : pro- 
duce the lines AD and CD to meet in 
the point D. About the triangle ADC 
describe a circle ; then the place of the ^ 

reef will be somewhere in the circumference of this circle. To 
find it, join BD ; and the point of intersection G is the position 
of the rock required. 

For since the angles in the same segment of a circle are 
equal {Euclid, b. iii.), therefore AGD=ACD=63° 20'; there- 
fore the angle AGB= 116° 40'. Again, CGD=CAD=67° 30'; 
therefore the angle BGC=112° 30'. And these were the 
angles observed at the boat ; therefore G must be the place 
of observation. 

(2.) By Trigonometry. 

Assume any point G as the position of the reef, and let 
A, B, and C be the objects on shore. Describe a circle pass- 
ing through the three points A, G, and C. Join BG, and 
produce it to meet the circle in D. Join GA and GC. 
Then GA, GB, and GC are the distances required. Join AD 
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and CD. Then, by Geometiy, since the angles in the same 
segment are equal, .-. angle DAG = DGC==180-BGC = 
180°--112° 30'= 67° 30', and angle ACD=:AGD=180- 
AGB=180°-116° 40'= 63° 20'. 

[1.] Find AD, having given in the triangle ADC, AC= 
8-25, angle ACD=63° 20', and angle ADC=180°-(67° 30' 
+ 63°20')=49°10'. 

[2.] Find the angle BAC, having given the three sides of 
the triangle ABC. 

[3.] Find the angle ABD, having given AB, AD, and the 
angle BAD = (BAC + CAD). 

[4.] Find GA, GB, and the angle BAG, having given in 
the triangle ABG the side AB and the angles AGB and ABG. 

[5.] Find GC, having given in the triangle AGC the 
side AC, the angle AGC, and the angle CAG=BAC-BAG. 

Ccilcfalaiion, 
[1.] To find AD. 

AC : AD : : sin. ADC : sin. DCA 

AC=8-25 0-916454 

ADC=49° 10' 9-951159 

DCA=63 20 10-867613 

9-876875 

0-988738 
.-. AD=9-744 

[2.] To find the angle BAC. 

AB=5-75 8-25 9-083546 

AC=8-25 5;75 9-240332 

BC=7-5 2-50 0-698970 

0-397940 
9-420788 
BAC= 61° 46' 15" 
5-0 CAD= 67 30 

2-5 BAD=129 16 15 



2-50 


7-5 


10-0 


5-0 
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[3.] To find the angle ABD. 
AD+ AB :AD~AB;;tan.i(ABD-f-ADB):tan.i(ABD--ADB) 



AD= 9-744 






0-601408 


AB±= 5-750 






9-675890 


15-494 






10-277298 


3-994 






1-190164 


180° 0' 


0" 




9-087134 


BAD=129 16 


15 




6° 58' 


50 43 


45 




25 22 


'25 21 


52 


.-.ABD 


>=32 20 


[4.] To find GA 


., GB, and the ang] 


le BAG. 


AB=r5-75 




AB : GA : : sin. 


AGB : sin. ABG 


AGB=116°40' 




AB : GB : : sin. 


AGB : sin. BAG 


ABa= 32 20 




0-759668 


0-759668 


149. 




9-728227 


9-711839 


180 




10-487895 


10-471507 


BAa= 31 




9-951159 


9-951159 






0-536736 


0-520348 






.•.GA=3-44 


.-. GB=3-31 




[5.] 


To find GO. 




AC=8-25 




AC : GO : : sin. 


AGG : sin. CAG 


AGB=116°40' 




BAC=6P46' 


0-916454 


BGG=112 30 




BAG=:31 


9-708882 


229 10 


• • 


CAG=30 46 


10-625336 


360 






9878875 


.-. AGC=130 50 






0-746461 






1 
• 


. GC=5-58 



Problems in I^amgcUion, 

It will be proved in Ncmgationf Part II., that the course, 
distance, true difference of latitude, and departure between 
any two places on the sur&ce of the earth, may be correctly 
represented by the sides and angles of a right-angled plane 
triangle. Let us suppose A and B to be the two places, and 
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AC that part of the meridian passing through A that is inter- 
A cepted between A and a straight line BC 

drawn through B perpendicular to AC. 
Then (see definitions, art. 56) AC will 
represent the true difference of latitude, 
AB the distance, and BC the departure 
between A and B, and the angle CAB 
the course from A to B. It is manifest, 
that if in the triangle BAC any two of 
the above quantities are given, the other 
two may be found by the common rule 
for right-angled plane triangles. We 
"b will exemplify this by means of a few 
examples in sailing, and at the same time will show how to 
find the ship's place by means of construction, that is, by the 
use of mathematical instruments ; as the practice thus obtained 
will be useful hereafter to the Naval student, and will form 
a proper introduction to the construction of charts and the 
tracing the ship's track thereon. 





But before we can construct the ship's track for different 
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courses, the several points of the compass must be thoroughly 
known. An expeditious method of forming the compass, and 
of learning it, is given in I^avigation, Part I. p. 11. 

10. A ship from latitude 47° 30' N. has sailed S.W.b.S. 
98 miles : find by construction, and by calculation, the lati- 
tude 3he is in, and the departure she has made. 

(1.) J5y Conatrriction. 

Let A represent the point the ship departed from, AD the 

meridian, and Ajo, drawn at right . 

angles to it, the parallel of lati- ', / 

tude of the ship. At the point , \ / 

A, with the chord of 60°, de- \ / 

scribe the quadrant mp, and cut \ b/ 

off mc=S.W.b.S. or 33° 45'= \ / 

the course; and through c draw \ / 

a line AB. From a scale of ^^^y 

equal parts take AB= 98 miles, ^ "^*^.. 

the distance; and through B 
draw BD parallel to Ap, meeting AD in D. Then B is the 
place the ship has arrived iit, AD ia the difference of latitude, 
and BD is the departure. If AD and BD are measured by 
the same scale of equal parts, it will be found that the differ- 
ence of latitude AD is about 81 miles, and the departure BD 
about 54 miles. The figure may be more easily laid off by 
means of a protractor (see Practical Gcoinei/ry), 

(2.) By Trigonomel/ry, 

In the right-angled triangle ABD are given the course 
DAB =33° 45', and distance AB=98 miles; to find the dif- 
ference of latitude AD, and departure BD. 

AD 
By Rule, p. 50, yt5=cos. DAB 

AB=98 .-. AD=AB cos. DAB 

DAB=33° 45' 



